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s{qt«¬x{faskvyx{qâ8W§cwgNkgscwg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(a.b).c = a.(b.c)
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 ²{g38skxIqt»{g3q
 ÁÜrÚÏÀE¶ ÅQÚ ¶¿Ä¼>ÀP¶¸º½Â	ÁÃ¼>ÀP¾8¶ÏãÔ{¾kÆÜ3Å»Ç8Ë GL(n)  O(n)  SO(n) wgs
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qkc¯vyr®wv°skgÉÊwv°fag»qtvyx{{z@qtIg3qQ§-g§vyz°z!wx{sx{»qtv~rgYskcvyq
spW»gx{«!³v°g.|{x{q-v°skcvyq§-x{¨Q
   4 '  /¡>¢a¢  ¯          ¡      N¢r     Þ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v¸â ∀a, b ∈ g, [a, b] = −[b, a] á  {Hskv°ÉÊx{fafÒrs>sv°²Wv°sp  â8r§cvycv°fawzyvygNq [a, a] = 0vyv¸â ∀a, b, c ∈ g, [a, [b, c]] + [c, [a, b]] + [b, [c, a]] = 0 áIIx{uv4vyrgNHskv°sprâ
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v¸â
Ad(e) = Idvyv¸â ∀m ∈ G, Ad(m−1) = Ad(m)−1v°vyv¸â ∀m, n ∈ G, Ad(m.n) = Ad(m).Ad(n)vy²wâ
Ad : G → GL(g) vyqqkfaxHx{skcÌ
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f	g3%qtcx{wz~¼.Å`¾8¶¿Æ¾8¶Ìqkskv~q«¬pIrv°x{rg
sxa|{ggzyv°ÈNgscwg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x{«@|{x{wqNrscwgvyH²>{kv~g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(xi)
µÂ
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ÅwÆ>Ç¶¸ÀP¶¸º>ÂÒ¹»ÜrÁaµÂ¾Ç¼¹`Õ
(wi)
µÂ
N
¹QÆ>¹·¥¹QÂÊÔI¼ÀE¶¸º>Â¹QÆ>¾8ÁÃ¼>Ú ¶%$3ÂÕ ÐÂ¶ÏÔ WÀEÇ
&')(+*-,/.(103245,768,4 9;:8<5=1(1:#(1>?A@B(  ,/CDE?6F(:8,?8(1:#668(68C,HG%03(1:#,.(103245<5.DI68,JLKJ< MN,:#,  68<ODE45?(EPQ45,7PR68SD  JT:#<5=1CU68S
0/>4 68<5245<5.DI6F<5( V 'C<5?39W<5,45J?AX
Ad(m).v = Y m.v.m−1 Z = D
m−1Lm.DeRm−1 .v = DmRm−1 .DeLm.v
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Σiwi
1
xi
6= 1
Σiwixi
,
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E((xi), (wi))
"\¶~Ç\ÖÜrÚ¸Ú Ø;¼IÕ{¼Å`À¥ÂÕ 3 8À-¶~ÇÔ¶¸º>Â¹1µØ
E((xi), (wi)) = exp(Σiwi log(xi)).
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exp(Σiwi log(xi)) < Σiwixi,
á Iâ
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}H{Hskv°«¬pHvyw|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(E, dist)
 ©xIkg;wgNv~qkgzyp{@scwg%f	g3ÎZu»g©rg®wg3ZIqscwg%»xIv°Hs
E(X)
§cwv~cZfavywv°favyÈg3q
qkx{fag¨Hvy©x{«Ðrv~qt`gqtvyx{Ñrvyqk`gqtvyx{¯x{«@skcwgaws
(Xi)
N
i=1
x{%vÏsqtgNzÏ«á¬§v°skcgNqk`gN8sYskx%qtxIfag
x{rÉÊwg|H>sv°²IgYwxIfÃzyv°ÈNgN;§'gNv°|IcIsq
(wi)
â8«¬x{gÓw{f	z°gIË
E(Xi) = arg min
Y ∈E
∑
i
wi.dist(Xi, Y )
α.
á¬Hâ
bdcgN{qkg
α = 2
x{kg3qt`x{q\vy$²{g38sx{dqtIg3q\sxÒscwg{kv°skcf	gskv~fag3Ìr»´vy;x{skcwgN-qk{gNqÐskx
scwgvy|{ggzyv°È3>skvyx{N{z°zygNskcwg 4¾#Ä wÂÀfagN{   	P wxI
α = 1
>x{g\x{ursvyqskcwg'|{ggzyv°È3>skvyx{.x{«
scwg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α = 1
g3qkqkgHsvy{z°zyp¯u`gN{qkg´v°1scwv~qÒIqtg´skcwg
wvyqk»gNqkvyx{±v°sÃvyq	wx{saqtskv~8skzyp±x{W²{gÓQ\x{HskpÑskxskcwg©N{qkg
α > 1
±Ð²{gZ§cwg
α > 1
\scwg
wvyqk»gNqkvyx{%x«@scwgws
Xi
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bdcgrv~qsgu`gs§-gg%s§-xÃ`x{vyIsq
m

n
v~qscwg¯xIurs{v°gN%uWpx{fawrsv°|Ãskcwg
favywvyfa{zÌzygw|{skc%x«@ÃqtfaxWxscw²{g
c(t)
xIv°v°w|ascwgf*v°%xIwgwwv°sx«skvyfag{ÐÞggN{z°zQsc>sskcwg
zyg|skc
l(c)
x«
c
v~qzyIqkqkvyNzyz°pÃ|Iv°²Ig;uHpQË
l(c) =
∫ 1
0
∥
∥
∥
∥
dc
dt
(t)
∥
∥
∥
∥
Tc(t)G
dt.
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(dR, dt)
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Ad(R, t).(dR, dt) = (R dR RT , −R dR RT t + R dt).
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R t
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g. exp(t.v)
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«¬ww{fagrÉ
sz-skxWxIzEË;skcwg©hd¨IgkÉ -{fawu»gNz°z°É,+»qkrxI -Z«¬x{fÒwz~Îá¬x{Ãh + «¬x{fÒwz~Iâ±i¥Hskwv°skvy²{gNz°pI\scwvyq	«¬xItÉ

{  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
fwz~;qkcwx>§qcwx>§)fc
log(exp(v). exp(w))
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log(exp(v). exp(w)) = v + w + 1/2([v, w])
+1/12([v, [v, w]] + [w, [w, v]])
+1/24([[v, [v, w]], w]) + O((‖v‖ + ‖w‖)5).
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log(exp(v). exp(w))
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MN = N
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(wi)
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i wi = 1
âv~qscwg	wwv~}Ig	`x{vyHs
M
skcs.²IgvÏ®»gNqskcwg
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Ë
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∑
i=1
wi logE(xj) (xi) = 0,
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log
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logm(xi) ∈ TmG
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E = log(Ω)
§v°skc
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Θ(v) = log(Φ(exp(v)))
'bdcwg.¨{gNpÃvywgNvyq-sxaqkggsc>s
Θ
v~qqtfaxWxsc;§v°skcgNqk»g38sdskx
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‖Dlog(m)Θ‖ ≤ O(‖ log(m)‖ +
∑
i
‖ log(xi)‖).
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O(‖ log(m)‖ +∑i ‖ log(xi)‖)
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β
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qkc$sc>s ‖Dlog(m)Θ‖ ≤ β «¬x{zyz m \bdcwg§'gc»½²{gYskcwgzyIqkqkvyNzQu`x{wÌË
‖Θ(v) − Θ(w)‖ ≤ (sup
z∈E
‖DzΘ‖)‖v − w‖ ≤ β‖v − w‖.
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Ad(m).
(
∑N
i=1 wi log(m
−1.xi)
)
=
∑
i wi log
(
m.(m−1.xi).m
−1)
∑N
i=1 wi log(xi.m
−1).
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(
∑N
i=1 wi log(m
−1.xi))
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=
∑
i wi log
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−1)
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i=1 wi log(x
−1
i .(m
−1)−1),
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wx>²Igz/f	g3¯gN>x>prq{z°z
scwgrgNqkvy{uwz°g.vyW²½{kv~»gwkxI»gNtsv°g3qr{;Nu»gv°skgNskvy²{gNz°p´x{fawrsgN;v°©	²{gNkpÃgßÃv°gNHsd§d½p{
jYwgqtcx{wz~awxsgsc>sd{q\»qt{z§v°skc´fag3´vy´fÃwv°«¬x{z~wqN{scwguvÏÉÊv°W²>v~HsÐfagN{Ãx{wzypgÓrvyqtsq
kx>²Wv~rgN$skcwg	w>sÃgzyxIqkggwxIw|{cskx$x{wg{wxscwg3Ë\scwgÒrv~qt`gqkv°xI%qkcwxIwzywx{su`gskxWxÃz~|{g{
i¥ascwgwgÓWs'qtg38sv°xIÌ{§-g§vyz°z`qtgNgf	xIkgkg3v~qtgNz°pv°Ã²>vyx{q\qkv°skskvyx{q@§c»>sÐw{skv~{zwz°vyfavÏs>sv°xI
v~qvyfa»xHqtg3ÑxIscwg$rv~qk»gNqkv°xIÑx{«'scwg´wsw%jYwgÃrxWgNqwx{sÒqtgNgf skx%z°xHqtgÃfcv°1scwvyqkgN|I
§v°skc%gNqk»g38sdskxagÓWv~qtskvyw|Ãv°gNfÃwwv~%uwv°ÉÊv°W²>vy{Hs-fagN{qNË§-g.§v°zyzqkcwx>§6«¬xIgÓwfawzygskcsskcwg
uvÏÉÊv°W²>v~HsfagN{¯x«'qkx{fagkvy|{v~%sk»q«¬xIkfÃ>sv°xIqgÓWv~qtsqYvÏ«'{¯xIwzypv°«\scwguvÏÉÊv°W²>v~HsfagN{
x{«scwgvyxsskvyx{;ksqdgÓWv~qtsqN
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³gs$»q´wx>§×rgsvyzYqkg²Igzvyqkv°|IcIsk«¬wzYN{qkgNqÃ§cgg©skcwgzy|{gNuw{vyfagN{6{Íu»gZÂãÅ`Ú ¶¿Ä¶¸ÀPÚ Ø¯x{
wv°gNskzyp$xIf	rskg34w§v°skcwxIrsqkv°w|	scwgz~{qqtv~{zQvÏsg>skvy²{gqcwgfagI
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bdcggv~qazyxIqkgN$«¬x{f«¬x{skcwg.uwv°ÉPvyW²>vy{IsfagN{;x{«/s§-x	»xIv°HsqNË
.¡    ¿    G  ÛÂÀ
x
µÂ¶¸¹
G
¼¹`Õ
y
µÂ¶¸¹6¼    ÆÅÂ¹Í¹QÂ¶ÏÔ wµÆ¾wÆ3ÆNÕ­ÆtÖ
x
 wÂ¹¦À Â¶¸¾
µ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀdÁÃÂ¼¹
m
@¶¸À©¾kÂ8ÇPÅÂÄÀ-ÀÊÆÃÀ ÂÄÆ>Ü3ÅQÚ°ÂaÆÖ ÐÂ¶ÏÔ rÀ¿Ç
(1 − α, α) ¶~ÇÔ{¶¸º½Â¹µØ
m = x. exp
(
α log(x−1.y)
)
= x.(x−1.y)α.
á Iâ
d¾kÆNÆtÖ Þg{qkvyf	z°p$cgN¨Ãsc>s
m
v~qaqtxIz°rsv°xI$sx	skcwgIrgN}Hskg.uprgNIskv~g3}H>sv°xIÌ@ÞÑg
c»½²{g{Ë
log(m−1.x) = log(exp(−α log(x−1.y)).x−1.x) = −α log(x−1.y).
zyqkxr§-g.c½²{gsc>s3Ë
log(m−1.y) = log(exp(−α log(x−1.y)).x−1.y) = log(n−α.n),
§v°skc
n = x−1.y
\bdcwgNkg«¬x{g{Ë
{
α. log(m−1.y) = log(nα×(1−α))
(1 − α). log(m−1.x) = log(n−α×(1−α)) = −α. log(m−1.y).
bdcWqN
m
v~q-skcwguvÏÉÊv°W²>v~Hs-fag3%x«
x

y

%xskv~gYskc»>s-skcwggÓrwzyvyvÏs-«¬x{fÒzy|Iv°²Ig´uWpaÐ}`á Iâ\vyqd}Hwv°skggÓwgwskvyx{{zE!i¥$|IgwgN{zE{skcwgNkg
§vyzyzu`gÒ¹`ÆzyxIqkgN«¬x{f«¬xI@skcguwv°ÉPvyW²>vy{Is@fagN{ÌW{q\qkxWx{´{q
N > 2
;+x>§-g²Ig3>skcwgNkgYgqtxIf	g
qk`gNv°®»Y|{x{w»q\§cwgNkgz°xHqtg3a«¬x{f gÓrvyqtsq'«¬xIÐscwgYuvÏÉÊv°W²>v~Hs'fagN{$vy¼Ú¸ÚÄ¼>ÇÂ8Ç8w»Ã§'g§vyz°z
x>§mrgsvyzÌqkx{fag.gÓwfawzygNqdx{«/scwvyqdg.wcwgNwx{fagx{Ì
    3Q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+gg{Y§'g§v°zyzrg²Ixsgqkx{fag¯sv°fagskx¦Z²{gp¦v°»qskskvy²{gÑ|{x{wÌËæÀ Â¯Ô¾Æ>Ü3Å ÆÖÇÄ¼Ú ¶¸¹HÔÇ1¼¹`Õ
ÀP¾k¼¹wÇ8Ú°¼>ÀP¶¿Æ>¹Ç¶¸¹  `bdcwgqsrpx«skcwv~qÒáE}HwvÏsg3âqkvyf	z°g|IkxIwvyqgzyg²>{Isvyskcwgx{HsgÓWsx«!skcvyq
§-x{¨Qu`gNNqkgv°sYv~qxIwgx«@scwgÒfaxHqs.qtvyfawz°g{qkgNqx«\wxIrÉ¥x{faI8s¼¹`ÕÒwx{rÉ¥xIfafÒrs>skvy²{g³v°g
|IkxIwq@§cvyc´rxWg3q\wx{sÐ»xHqkqkgNqqÐ{WpÒuwv°ÉPvyW²>vy{IsÐv°gNfa{wwv~Ãfagskv~@bdcwv~q\|IkxIwac{qÐfÃWpx{«
scwgdwx{`gkskvygNqx«`kvy|{v~ÒxI@>ßÃwg-skqt«¬x{fÃ>sv°xIq½uwws\§vÏscxIwz°ps§'x.rg|IkgNgNqx«»«¬kgNgNrxIf%§cwv~c
qkvyf	z°v°®gNqd|Ikg3>sz°pÃscwgxIfawrsskvyx{qNw»;{z°zyx>§qarv°gNsÒáE{äâ-|Igx{fagskvyY²WvyqkzyvyÈN>sv°xI;vyskcwg
zy{wg{ wx{scwgNqkggNIqtxIqN»scwv~q.vyq.cwvy|{cwzyp©»g3w|Ix{|IvyNz!{qkg{Òi¥¯skcg	gNqtsx«\scwv~qnWwuqkgNskvyx{Ì
§-g.§v°zyzÌzygsscwvyqd|IkxIwu»g§vÏskskgN
ST (1)

# 4      3¢r¡ 
  4 '  /¡>¢:E£*.¡    ¡½    ! 
ST (1)

 gzygfagHs g x« ST (1) Ñu»g	wwv~}Hwgzyp¯gwgNqkgHsgN©uWp©;x{wz°g (λ, t) vy R?+ × R

λxIkgNqk»xIwq'skx	scwgqkNzyv°|«¿I8sx{»
t
skx	skcg.skqkzyskvyx{;ksN
 bdcwg{skvyx{x« ST (1) xIq{zy{q-v~qd|{vy²{gN;uWpQË (λ, t).x = λ.x + t «¬xIg²{gNkp´q{zy{ x 

{  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
 bdcwgÒfwz°skvywz°v~skvyx{©vy ST (1) v~qË (λ′, t′).(λ, t) = (λ′.λ, λ′.t + t′)  ST (1) v~qskcWq©ÇÂÁ	¶¸·Õ>¶¸¾kÂÄÀwÅQ¾kÆ3Õ>ÜÄÀwu»gs§'gNgskcwgfwz°skvywz°v~skvy²{gd|{x{
(R?+,×)
{ÒskcwgIwrv°skvy²{gd|{x{w
(R, +)

h-xskc%|IkxIwqdgx{fafÒws>sv°²Ig{ruwwsskcwv~qqkgfavÏÉ¥rvykg38swxrr8sv~q.¹`ÆÀE
 i¥W²{gqkv°xIÌË (λ, t)−1 = ( 1
λ
,− t
λ
)

 ST (1) Nu»g-«¿v°skcw«¬wz°zypÒgkg3qtgNIsgNuWpscwgqtuw|{x{wÒx«skv~|{wz~fÃ>skv~gNqx{«wskcwg-«¬xIkf%Ë
(
λ t
0 1
)
.
 bdcwggNz°gNfagHsq'x«4scwgY³v°gzy|{gu.x{« ST (1) gx«4scwg«¬xIkf (dλ, dt) r§cwgg dλ  dt gWp$q{zy{qN
 bdcwg|{x{$gÓr`x{wgNHskv~z exp(dλ, dt) c{q-scwg.«¬x{zyz°x>§vyw|	«¬x{f%Ë
exp(dλ, dt) =
{
(edλ, dt
dλ
(edλ − 1), §cwgN dλ 6= 0,
(1, dt),
§cg
dλ = 0,
§cwgg
eλ
v~qskcwg$q{zy{.gÓr»xIwgHsvy{z@x«
λ
$bdcWqN§-gÃqtgNgaskcsskcwgÃ|IkxIwgÓr»xIwgHsvy{z@vyq
qtvyfawzyp|{vy²{gÒuHp.scwgdqkNz~gÓr»xIwgHskv~zWxIskcwgdqzyvyw|{ts3>§cwggNIqÌscwg'skqkzyskvyx{{ts
favÏÓrgNqscwgfÒzÏsv°wzyv~>sv°²Ig	{wwvÏsv°²Ig-vy ggNq!x«`u»x{skcÃxIfa»xIwgHsqN ¯x{gx>²{gNN½§-g-qkgg
|{gNx{fagskv~{z°zyp	skc{vy;skcwg.ww`gc»z°«/wz~wg
R+ × R
Wskcwgwk²IgY|Iv°²IguWp
exp(s.(dλ, dt))§vÏsc
s
²>pWv°w|	vy
R
vyqdxI©$Ç8ÀP¾k¼>¶ÏÔ WÀ-Ú ¶¸¹QÂw§cxIqkgg3}H>sv°xI;v~q
t = dt
dλ
λ − 1 
 ST (1) vyqÒgHskvygzyp|{x{H§v~qkg	|Igxrrg3qtv~{z°zypxIW²{gÓ4ËÒ{Wp¯s§-x©»xIv°Hsq{ªu»gxIv°gN1uWpÑwwv~}Hwg|IkxIw%|{gNxWwgNqkvy{i¥¯{tsvywz~3wskcg|IkxIw©z°xI|I{kv°skcwf*vyqzy§d½pWq§'gNz°z°ÉÊwg®wg3¯»
|{vy²{gN;uWpQË
log(λ, t) =
{
(ln(λ), t. ln(λ1−λ ),
§cwg
λ 6= 1,
(0, t),
§cwgN
λ = 1,
§cwgg
ln(λ)
v~q4scwgÐskwz»á¿qz~8â`zyx{|I{kv°skcfæx«
λ
nr{fag\kgNfÃ¨cIqQ«¬x{skcwg\gÓr»xIwgHskv~zPË
§'g|IgsscwgÒzyIqkqkvyNzQzyx{|I{kv°skcf x{scwgÒqzyvyw|aks%afav°ÓHswgx«skcwgÒfÒwz°skvywzyvyN>skvy²{g
ÍIwrv°skvy²{g©zyx{|HvÏscwfÃqax{Îskcwg¯skqkzyskvyx{¦{ts3æÞg¯kg3{z°zdsc>s$vy¦skcgIqtg©x{«.{
{wwvÏsv°²IgÃ|{x{w1qt»c
(R, +)
u`xskc­Iwrv°skvy²{gagÓr`x{wgNHskv~zÐ{z°xI|Iv°skcwf {kgÃqkv°fawzypÑskcwg
vywgHskv°sp{bdcvyqYvyq§c>s§'gÒ|{gsYu»x{skc©«¬xIskcgÒgÓr`x{wgNHskv~z/{skcgÒzyx{|I{kv°skcf §cwgN©skcwgNkg
vyqwxÃqkNzyv°w|»
bdcwg	wwv~}IgÒ|{x{©|{gxrrg3qtv~xIv°v°w|
(λ, t)

(λ′, t′)
x«ÐskcwgÒ«¬x{f
(λ, t). exp(s.(dλ, dt))§vÏsc
s
vy
[0, 1]
cIqdvÏsqdfagsgq
(dλ, dt)
|{vy²{gN;uWpQË
(dλ, dt) =
(
ln(
λ′
λ
),
(
t′ − t
λ
)
.
(
ln(λ
′
λ
)
λ′
λ
− 1
))
.
á Hâ
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ST (1)
v~qx{g	x{«ÐscwgÃfaxIqtsqkvyf	z°gÃwxIrÉ¥x{faI8s
x{rÉ¥xIf	frsskvy²{ga³Ìvyga|{x{wqN	i¥sgfaq.x{«-uvÏÉÊv°W²>v~HsfagskvyNqÌv°sgÓrcwvyuwv°sqscwgaspWwvyNz!sgrÉ
wgp©x«-qkc³Ìvyg	|IkxIwqNËv°s.c»{qwx©qt»cfagskv~	q.qkzáEqtgNganWg38sv°xI1Iâ84sxqkggskcwv~qNÌ§'g
»qtgascwgÃ«¿{sÒv°sÒvyqwgNgNqqk{kp{1qtwßÃv°gNHsskcsskcwg;{½xIv°HsgwgNqkgHsskvyx{x«
ST (1)
u»g$wxs
u`x{rgNskx%gNqtkgskcswx;uvÏÉÊv°W²>v~HsfagskvygÓrv~qsq«¬x{skcwv~q.|{x{ÌÒb/x%qkcwx>§ scwv~qÌ§-g	qtg
{|I{v°$skcwgzyIqkqkvyNzQfÃ>skv°Ó$gwgNqkgHsskvyx{;x«
ST (1)
Ë
Ad((λ, t)).(dλ, dt) ∼
(
λ t
0 1
)
.
(
dλ dt
0 0
)
.
(
1
λ
− t
λ
0 1
)
∼
(
dλ −t.dλ + λ.dt
0 0
)
= (dλ,−t.dλ + λ.dt).
h-x{skcª«¿I8skxIq  
t
!» 
λ
!v° −t.dλ + λ.dt {kg;wxs	u»xIwrg3­ªskcWq Ad(ST (1)) {wwxs	u»gu`x{rgNÌ +Y{q$x{»qtg3}Igg{
ST (1)
cIqwx´uvÏÉÊv°W²>v~Hsf	gskvy{h'x{skc
(R+
?,×)  (R, +){kgxIf	frsskvy²{g{ÍscWqc½²{g¯uvÏÉÊv°W²>v~Hs;fagskv~qNuwws%vyHskgNkg3qsv°w|Iz°pIskcgvy%qkgfav°ÉÊwv°gNs
kxrrsc{qdwx´qkcfagskv~
 @ 4       ¡    ¡	 "  0    32 ¢r¡(¿¢    3  ¢   ÞÑgkg3{z°zskcsÐskcgYuwv°ÉÊv°W²>vy{HsÐfagN$v°$
³v°g.|IkxIw$v~qrg®»wgN;v°fawzyv~v°skzyp$uWp$	uprgNIskv~g3}H>sv°xIÌr|{vy²{gN$uWp´Ð}`á 3Iâ;+gg{wqkv°»g.§'g
c»½²{ggÓrwzyvyvÏsd«¬x{fÒzy{g«¬xIdskcwg.|{x{$gÓr`x{wgNHskv~zÌ»$zyx{|HvÏscwf%HxIwg.qkgskcwg3qtg«¬x{fÒzy{g
sx	skpÃskx´qkx{zy²{g.rvykg38skzyp´scwg.uprgNIskv~YgN}H>sv°xIÌ\bdcwv~qdz°g3{wq-sxaskcwg«¬xIz°zyx>§v°|	gNqkwz°sNË
.¡    ¿    L  ÛÂÀ
((λi, ti))
µÂ
N
ÅÆ>¶¸¹»À¿Ç-¶¸¹
ST (1)
¼¹`Õ
(wi)
µÂ
N
¹QÆ>¹·¥¹QÂÊÔI¼ÀE¶¸º>Â   ¹`Æ¾8Áa¼Ú ¶%$3ÂÕ ÐÂ¶ÏÔ WÀEÇ  wÂ¹À Â¼>ÇÇÆ3Ä¶¿¼ÀÊÂÕµ¶¸·¥¶¸¹»º½¼¾8¶¿¼>¹»À-ÁÃÂ¼>¹
(λ̄, t̄)
¶~ÇÔ{¶¸º½Â¹ÂãÅ`Ú ¶¿Ä¶¸ÀPÚ Ø;µØ
{
λ̄ = e
P
i
wi ln(λi),
  ÐÂ¶ÏÔ rÀÊÂÕ	ÔIÂÆ>ÁÃÂÀE¾8¶¿ÄÁÃÂ¼¹ÑÆÖÇÄ¼Ú ¶¸¹HÔÇ  "
t̄ = 1
Z
.
∑
i wi.αi.ti,
  ÐÂ¶ÏÔ rÀÊÂÕ$¼¾8¶¸ÀrÁaÂÀP¶¿ÄÒÁÃÂ¼>¹1ÆÖ.ÀP¾k¼>¹ÇÚy¼>ÀP¶¿Æ>¹wÇ¶¸¹ 'ÜÂ¹`ÄÂÕ$µØaÇÄ¼>Ú ¶¸¹WÔ>Ç  "á 3{â
@¶¸À 



αi =
ln(
λi
λ̄
)
λi
λ̄
−1

¹QÆ>À¥ÂÀw¼À
αi = 1
 Â¹
λi = λ̄

Z =
∑
i wi.αi
.
d¾kÆNÆtÖ  IqtsgzyIgvy6scwguprgHskv~¯g3}I»>skvyx{6skcwggÓr`x{wgNIsvy{zyq%{Ízyx{|I{kv°skcfaq;uWp¦skcwg
«¬xIkfwz~g|{vy²{gN´u`x>²{gInWvygskcwgYqkNzyv°w|x{fa`x{wgNHsÐvyqÐv°»rg`gwgHsÐ«¬x{f skcwgskqkz~>skvyx{axIwg{
§-gqtvyfawzyp$x{uwsvy;skcwg|Igx{fagskvyYfagNw§cwv~c;v~qdskcguwvÏÉÊvyH²>{kv~Hsdf	g3;«¬x{`xIqkvÏsv°²Ig.HfÒu`gq
bdcgs{qtz~>sv°xI6{ts©{æu`gÑc{rzygN qtvyfawzypÍqtvyw|¦rvykg38skzypÍÐ}` á Hâ§cwv~c pHvygz~wq;skcvyq
qkvyf	z°v°®gNgÓWkg3qkqkv°xI´«¬xIdskcwgu{kprgHskvyYgN}Hskvyx{ÌË
∑
i
wi
(
ti − t̄
λ̄
)
.
(
ln(λi
λ̄
)
λi
λ̄
− 1
)
= 0.
+ggskcwggNqkwz°sN
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
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    ¿£{  i¥ v°|Iwkg wQxIwgN²Wv~qt»zyz°p
x{fa{kg%scwgÑ|IkxIwÍ|{gNxrrgNqkvyNqaskxÎqtxIfag¯x«scwgvy;zyg«¸skÉPvyW²>vy{IsÍvy|{cHstÉÊv°W²>v~Hsá¬fagskv~Nâ
x{wHsgksqN
i¥HskgNkg3qsv°|{zyp{xIwgdx«scwgzyg«¸stÉÊvyH²>{kv~Hs@fagskv~q!x{
ST (1)
v°wg3q\	vyqkx{fagskpu»gs§'gNg	skcwv~q
|IkxIw´»´!x{vy{cz°«¸ÉPzy{wgfaxrrgz`«¬xI'cWpW»gNku`x{zyv~|{gNx{fagskp%á¿qkgg 	ÊW|IgI>ÉÊD.«¬x{-fax{g
wgs{v°z~qxIÑscwv~qÒqk{g3â8bdcwg$q{zy{kxrrsÒx«-skcvyqqkNz~fagskv~avyqskcwg´faxHqsqkvyf	z°g´sskcwg
(1, 0)
Ë/vÏs-vyq!scwg»qt{zw\z°v~rg3´qz~Ðwkxrr»8sN gxrrg3qtv~q@s¨Ig²{gNkpkskv~zy{!«¬x{f vyaskcwv~q
N{qkg{Ë'skcwgNp©gskcwg	qtgsYx{«@{z°z/skcg w¼Ú Ö·tÄ¶¸¾kÄÚyÂ8ÇYÅwÂ¾PÅÂ¹QÕ>¶¿ÄÜrÚ°¼>¾	ÀÊÆ;ÀwÂÃ¼Nã{¶~ÇaÆÖÀP¾k¼¹wÇ8Ú°¼>ÀP¶¿Æ>¹Ç©x{«
{z°z\á¬skwN>skg3%u»gNz°x>§æskcwg>Órvyqdx{«/s{qkzyskvyx{qâ\zyvywgNq`g`grv~zy{skxascwg>Órv~qx«/skqkzyskvyx{q
á¬skcwg3qtgzyvywgNqNu»gqkggN%Iq-cz°«¸ÉÊv°zygNqdx{«/vyr®wv°skgrvy{fagskgNWpW§-½pwâ
bdc{w¨rqskx\kxI»xHqtv°skvyx{ {\§-g$¨Wwx>§sc>s	skcg;v°|IcHstÉÊv°W²>vy{HsvygfÃwvy{±fagskv~$§cxIqkg
q{zy{!wkxrr»8sÐ>s
(1, 0)
vyq@skcwgqfag{q@skcwgkgN²Hvyx{»q!f	gskvyNau`gx{ursvywgNaqkv°fawzypÒuWp   vyH²IgkstÉ
vyw| scwvyqYzyg«¸stÉÊvyH²>{kv~HsYfagskvy{YqY;x{»qtg3}Igg{`vÏsq|IgxrrgNqkv~qN¯u`gax{fawwskgNqtvyfawz°p%uWp
vyW²{gNtsv°w|skcgv°vÏsvy{zxIrv°skvyx{qNwxIf	rskvyw|askcg{qqtxrv~>sgN;z°g«¸stÉÊv°W²>v~Hs|{gxrrg3qtv~.$®{z°zyp
vyW²{gNtsv°w|ÒvÏs3!bdcgv°|IcIskÉPvyW²>vy{Is\|Igxrrg3qtv~qÐ²Hv~qkzyv°ÈNgNavy v°|» ÒguWpax{»qtg3}IggqtxIfagYqkx{ks
x{«  v°W²{gNtsgNcz°«¸ÉÊv°zygNqyi¥«¿I8s3qtvyfawzyga{z°|Iguwv~Òx{fawrs>sv°xIq.qtcwx>§)skcsscwgNqkg	|{gxrrg3qtv~q
{kg.zyz ¼>Ú Ö· rØÅwÂ¾µÆ>Ú°¼>Ç
jYwgqtcwxIwz~;xskgskcsskcwg	qtvyfawz°g.«¬xIkf*s{¨{gNuWp;z°g«¸stÉÊv°W²>vy{Hs|{gxrrg3qtv~qdv~qvyrgNgN%gÓrgrÉ
sv°xIzP´i¥ª|IgwgN{zE4scwgg´gÃwx¯z°xHqtg3¯«¬xIkf «¬x{wgNvÏscwgÒz°g«¸stÉYx{v°|IcIskÉPvyW²>vy{Is.|{gNxrrgNqkvyNq
{©|IkxIw¯|{gNxrrgNqkvyNq{kgfÒcqtvyfawz°gNsxx{fawrsg{4qkv°gvyfaxHqswI8svyNz!{qkgNqskcwgNp©x{wzyp
vyW²{xIz°²Igaskcwg%xIf	rsskvyx{­x{«¯fÃ>skv°ÓgÓr»xIwgHskv~zd»­¯fÃ>skv°Ó1z°xI|Iv°skcwf%«¬x{	§cwv~c­²{gNkp
gß´vygHs'fagscwxrwq'gÓrvyqts  wr{
	Ê!wxscwg-wv~g³Ìvyg|{x{Ã§cwggzyg«¸stÉÊvyH²>{kv~HsÐfagskv~qá¿{ÃuWp
x{qkgN}HwgNgaz~qkxvy|{cHstÉÊv°W²>v~HsYfagskv~qâs{¨{gÃ%qtvyfawz°g©áEzyxIqkgNâY«¬xIkf v~qskcgÃ|{x{wÑx«dkvy|{v~
s{qt«¬x{faskvyx{qN'nWgNg  
	«¬xIgÓw{f	z°g3qx«@zyg«¸stÉÊvyH²>{kv~Hsqts>svyqtskv~qx{©v°|Ivy;sk»q«¬xIkfÃ>sv°xIqdvy
scwgxIHskgÓWsx«!Ãqs>svyqtskv~{zÌqsrp´x{«cWwfÃ%qx{zyvyxskv~.qtv°wg3q
#&%          
ST (n)
 jYwga{wv°gNskzyp©|{ggzyv°ÈNgÒscwgakg3qtwz°sqxIurs{v°wg3¯«¬xI
ST (1)
sx;scwg
faxIkg|{gNwgzQ|{x{
ST (n)
x{«qzyvyw|Iqd»´s{qtz~>sv°xIq-v°äwi¥qtskg3{;x«/u`gvyw|ÃaqkNz~3Hskcwg
s{qkzyskvyx{vyqv°©scwv~q|{gNwgzÌN{qkg
n− rvyf	gNqkv°xIzÌ²IgNskx{3'bdcvyqYrxWgNqxsYc{w|{g{WpIscwvyw|Ë{z°zskcwg.zy|{gNuwv~dwkxI»gNtsv°g3q\x{«
ST (1)
gz~qtxÒ²½{z°v~a«¬xI
ST (n)
!i¥´{tsvywzy{NIx{wgY$qtgYÐ}`
á 3Iâ\sxÃx{fawwskguwv°ÉPvyW²>vy{IsdfagN{qdv°
ST (n)

  	    	/  c    
ÞÍv°skc1scwg´|IkxIw
ST (1)
Ì§-gÃc{ªqkggN1%qkv°fawzyg$N{qkg	x{«f	v°Órv°|©u»gs§'gNgªBNäfwz°skvywz°v~skvy²{g
|IkxIw${$FNä Iwrv°skvy²{g|{x{wÌi¥;skcwv~qqtuqtg38sv°xIÌW§'g.qsrp´vyqtskg3{$ {ä |IkxIw$§cwgNkgYskcvyq
sv°fagÒ	{rvÏsv°²Ig.|{x{wq.á¿x{wgÒ{ä ;skcgxskcg Nä.â-g.f	v°ÓrgN4
E"  
	 ¿     ¡ '5' ¡  6  iÊsvyq-scwgY|IkxIw$x{«{ä w»gNdskvy{w|{wz~'fÃ>skv~gNq
M
x{«ÌskcgY«¬xIkf%Ë
M =


1 x z
0 1 y
0 0 1

 .

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç 8
vy|{wgwË# % ¢  4   ! '     E£{    " 5' ¡  6 K N£I¢ 4   ' Ã¢  6 ¡>¢   4¿¢r    I   
E  ©¡  %Ë4s§-xgÓr{fawz°g3q4x«rzyg«¸skÉQ{.kvy|{cHskÉ».|IkxIw.|{gNxWwgNqkvyNq 0      ×¡  %Ë4s§-xgÓwfawzygNq
x{«'|IgxrrgNqkv~qY§vÏscÑg3{c¯sv°fagascwkgNg`xIqqkv°uwzygax{v°gNHs>sv°xIqN 0 4& `Ë|{x{wÑ|{gxrrg3qtv~qN ¡   Ë.z°g«¸stÉ
vyW²>vy{Is'|{gxrrg3qtv~qÐI' ¡    Ë!kvy|{cHskÉPvyW²½{kv~Hs@|{gNxrrgNqkvyNq %x{skgskcwgYkskv~wz~Ð«¬x{fås¨IgÃuWp
|IkxIw|Igxrrg3qtv~qNQ§cwvyc1g	ksx«-qtskvy|{cHsz°vywgNq{Ñx«Ðscwgaz°g«¸stÉÊv°W²>v~Hs|Igxrrg3qtv~qN4§cwv~c
{kgc»z°«¸ÉÊv°zygNq@`g`grv~zy{@skxscwgcx{v°ÈNx{Hs{zw>ÓrvyqN!v°|IcHstÉÊv°W²>vy{Hs!|Igxrrg3qtv~q\{kg{zyqkx|{vy²{gN
vy©azyxIqkgN$«¬x{f g.v°«¿I8scz°«¸ÉÊcHpW`gu»xIzyIq
b/xÃqtvyfawzyvÏ«¬p;wxs>skvyx{»qr§-g.§v°zyzz~qkx§vÏsg
(x, y, z)
sxakgNwkg3qtgNHs{;gNz°gNfagHsx«/skcwv~q|{x{Ì
# 4      3¢r¡ 
  4 '  /¡>¢:E£*.¡    ¡½     bdcwgp;gYscwg.«¬x{zyzyx>§v°w|»Ë
 ©wz°skvywzyvyN>skvyx{Ë (x1, y1, z1).(x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + x1.y2) bdcwg®qss§'xÑfagskgqÒskcWq	z°vy²{g;v°Î{ä{wrv°skvy²{g;|{x{w±§cwvycZvyq	vyrgN»gNrgHsÃx«scwgskcwvy
fagskg34§cwgNkg3{qYskcwg	scwv°{wrv°skvy²{g	{{f	gskgNv~q.vy wgNg3uWp©scwg	®qts.s§'x»bdcwg
+gNvyqkgWu`g|;|IkxIw¯v~qskcWq.ÑÇÂÁ	¶¸·tÕ>¶¸¾kÂÄÀ!Å`¾kÆ3Õ>ÜÄÀ@u`gs§-gg
(R2, +)

(R, +)
Ì§cwv~cv~q
¹`ÆÀxIf	frsskvy²{gI

H  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
 i¥W²{gqkv°xIÌË (x, y, z)−1 = (−x,−y,−z + x.y) +%grs{z4gzygfagHsNË (0, 0, 0) 
 q@vyskcwg ST (1) IqtgI½skcwg +gv~qtgNWu»gNk||{x{w	v~q!gHskvykgNz°pÒ|{x{wW§v~qtg'|{gxrrg3qtv~{z°zypxIfawz°gskg§-g.c½²{gIË
{
exp((dx, dy, dz)) = (dx, dy, dz + 12 .dx.dy)
log((x, y, z)) = (x, y, z − 12x.y).bdcwg wvy}Hwg |{x{ |{gxrrg3qtv~ xIv°wvyw|
(xm, ym, zm)
{
(x, y, z)
x{«×skcwg «¬x{f
(xm, ym, zm). exp(s.(dx, dy, z))
§vÏsc
s
v°
[0, 1]
¯iÊsqfagskgq
(dx, dy, dz)
{kg´|Iv°²Ig
uWp`Ë
(dx, dy, dz) =
(
x − xm, y − ym, z − zm +
1
2
.(xm.ym − x.y + xm.y − x.ym)
)
.
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ST (1)
N{qkg{Wwxauwv°ÉPvyW²>vy{Is
fagskvyNqgÓrv~qsq{©x{gc{qskcwg	zyxIqkgN«¬xIkf*«¬x{Yskcwguwv°ÉPvyW²½{kv~HsfagN{Ìi¥HskgNkg3qsv°|{zyp{wscwgÒuvÏÉ
vyW²>vy{Isfag3©pWv°gNzyq´qkv°fawzygÒ{kv°skcwfagskv~½²{gN{|{vyw|x{«!skcwgÒ®qtss§-xÃfagskgqNdbdcgskcwvy
»fagsg\v~qÐ{zyqkxÒ½²{gN{|{g3{kv°skcwfagskv~zyzyp{{gÓwgwsÐskc»>sÐscwv~q'{kv°skcwfagskv~fagNÃv~q   x{kg38skg3!uWp
a}HIrskv~«¬8sv°xIx{«/scwg.®qsds§-xafagsgq-x«scwgwsw
.¡    ¿      wÂ´¼IÄÀP¶¿Æ>¹ZÆtÖÒÀwÂ$¼{Õ Æ¶¸¹ÀY¾kÂÊÅQ¾kÂÇÂ¹À¥¼>ÀP¶¿Æ>¹
Ad
ÆÖ	À Â ÒÂ¶~ÇÂ¹QµÂ¾EÔ´Ô{¾kÆÜ3ÅÎ¼>À¼
ÅÆ>¶¸¹»À
(x, y, z)
Æ¹¼¹¶¸¹NÙÐ¹¶¸À¥Â8Ç8¶¸ÁÃ¼>Ú/Õ¶~ÇPÅ`Ú°¼IÄÂÁÃÂ¹»À
(dx, dy, dz)
¶~ÇÔ¶¸º>Â¹1µØ
Ad(x, y, z).(dx, dy, dz) = (dx, dy,−y dx + x dy + dz).
 .Ç¼;ÄÆ>¹wÇÂÝÜÂ¹QÄÂU"\¹`Æ;µ¶¸·¥¶¸¹»º½¼¾8¶¿¼>¹QÄÂÁÃÂÀP¾8¶¿Ä	ÂkãI¶~Ç8À¿Ç@ÖÆ>¾ÒÀ Â Â¶~ÇÂ¹`µÂ¾PÔÔ{¾kÆ>Ü3Å
d¾kÆNÆtÖ ÐkxrgNgN;gÓw{skzyp${qdvy%\x{`xIqkvÏsv°xI%w
.¡    ¿   M)7  Û/ÂÀ
((xi, yi, zi))
µÂ
N
ÅÆ>¶¸¹»À¿Ç¶¸¹¯ÀwÂ ÒÂ¶~ÇÂ¹`µÂ¾EÔ	Ô¾kÆÜ3Å1¼>¹QÕ
(wi)
µÂ
N
¹`Æ>¹»·
¹QÂÊÔI¼ÀE¶¸º>Â   ¹`Æ¾8Áa¼Ú ¶%$3ÂÕ  ÐÂ¶ÏÔ WÀEÇ    Â¹ªÀwÂ;¼½ÇÇÆNÄ¶¿¼>À¥ÂÕ¯µ¶¸·¥¶¸¹º>¼>¾8¶¿¼>¹»ÀÁÃÂ¼>¹ (x̄, ȳ, z̄) ¶~ÇÔ{¶¸º½Â¹±ÂkãI·ÅQÚ ¶¿Ä¶¸ÀEÚ ØµØ
(x̄, ȳ, z̄) =
(
∑
i
wixi,
∑
i
wiyi,
∑
i
wizi +
1
2
(
x̄.ȳ −
∑
i
wixi.yi
))
.
d¾kÆNÆtÖ  IqtsgzyIgvy6scwguprgHskv~¯g3}I»>skvyx{6skcwggÓr`x{wgNIsvy{zyq%{Ízyx{|I{kv°skcfaq;uWp¦skcwg
«¬xIkfwz~ga|{vy²{gN{u»x>²Ig{;nWvygaskcwgÃ®»qtss§'x©x{fa»xIwgHsqgÃ{wrv°skvy²{g´{v°»rg`gwgHs«¬x{f
scwgYskcwvy´x{wgIIscwgvyduwv°ÉPvyW²½{kv~HsÐfag3´v~q'qkvyf	z°pascwgvyvÏscwfagskv~fag3Ì@bdcwgskcwvy;xWgß´v°gNIs
N{qkg{¯u»gc»rz°g3©qtvyfawzyp»qtvyw|$rvygN8sz°pÐ}`Òá NIâ»§cvyc©pWvygz~wqscwv~qYqkv°fawzyv°®gN©gÓrwkg3qkqkvyx{
«¬xIdskcwgu»pWgHskv~g3}I»>skvyx{Ë
∑
i
wi
(
zm − zi +
1
2
.(xm.ym − xi.yi + xm.yi − xi.ym)
)
.
+ggskcwggNqkwz°sN

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç D
       +
     		+
    	A  
Þga|{ggzyv°ÈNg.skcwg	kg3qtzÏsqxIurs{v°wg3©x{¯skcwg +gNvyqkgWu`g|$|{x{%skx´scwg«¬x{zyz°x>§vyw|$qkwuw|IkxIw
x{«skv~w|Iwz~dfÃ>skv~gNqNË
   ¬   M  ÛÂÀ
UT (n)
µÂÀwÂÔ{¾kÆ>Ü3Å­ÆÖ
n × n Ü3ÅIÅwÂ¾ÀE¾8¶¿¼¹HÔ{ÜrÚ°¼>¾ÁÃ¼>ÀP¾8¶¿ÄÂ8Ç M ÆÖÀ ÂÐÖÆ¾8Á 
M = λ.Id + N,
 Â¾Â
λ
¶~Ça¼¹ØÒÅwÆ>Ç8¶¸ÀE¶¸º>ÂaÇÄ¼>Ú°¼¾E"
Id
ÀwÂa¶¿ÕIÂ¹»ÀE¶¸ÀPØÁa¼ÀE¾8¶ÏãÑ¼>¹`Õ
N
¼>¹ªÜ3ÅIÅwÂ¾	ÀE¾8¶¿¼¹HÔ{ÜrÚ°¼>¾	¹¶¸Ú ÅÆ>À¥Â¹À
ÁÃ¼>ÀP¾8¶Ïã  
Nn = 0  @¶¸ÀÆ>¹ÚÏØ $3Â¾kÆ>Ç¶¸¹¯¶¸À¿ÇÒÕ¶¿¼ÔHÆ>¹`¼Ú 
bdcwg&+gv~qkgWu»gNk|.|IkxIwv~q!scwgqkwuw|{x{x{«`fÃ>skv~g3q!x«
UT (3)
§cwxIqkg
λ
v~q\zy§d½pWqg3}I»zrsx
1

bdcgÒqtv°sk»>skvyx{©vy©scwvyqIqtgv~qYkskv~wz~zyp´wv~g{Qqkv°gscw¨rqskxÃscwg«¿I8ssc>s
N
vyqwv°zy`xskgNHsN
xIwg{;`gk«¬x{f ÂãH¼IÄÀPÚ Ø.zyzQskcwg»qt{zzy|{gNuwv~x{`g>sv°xIq-v°
UT (n)
Ë
 kxIwgÓr»xIwgHsvy{zEË
exp(dM) = exp(dλ.Id + dN) = exp(dλ.Id). exp(dN)
= edλ.
∑n−1
k=0
dNk
k! .
 kxIwz°xI|Iv°skcwf%Ë
log(M) = log(λ.Id + N) = log
(
(λ.Id).(Id + 1
λ
.N)
)
= ln(λ).Id +
∑n−1
k=1
(−1)k+1
k
(N
λ
)k.
 i¥W²{gqkv°xIÌË
(M)−1 = (λ.Id + N)−1 = λ−1.(Id + N
λ
)−1
= λ−1.
∑n−1
k=0 (−1)k.(Nλ )k.
 ©wz°skvywzyvyN>skvyx{Ë
M ′.M = (λ′.Id + N ′).(λ.Id + N) = (λ′.λ).Id + (λ′.N + λ.N ′ + N ′.N).
Yqtvyw|askcgNqkg.z°xHqtg3´«¬xIkfÃqNrx{wgN%rgv°²Igskcwg.«¬xIz°zyx>§v°|g3}I»>skvyx{Ë
log(M ′.M) = ln(λ′.λ).Id +
n−1
∑
k=1
(−1)k+1
k
.
(
1
λ
.N +
1
λ′
.N ′ +
1
λ′.λ
.N.N ′
)k
,
§cvycÍvy¦skwq;zyz°x>§q	sx±xIf	rskg©scwg¯g3}I»>skvyx{6q>svyqt®g3ZuWpZskcwguwvÏÉÊvyH²>{kv~Hs´fagN{
M̄ =
λ̄.Id + N̄
v°
UT (n)
Ë
−∑i wi log(M̄−1.Mi) =
∑
i wi log(M̄.Mi
−1) = 0
⇐⇒
∑
i wi
(
ln(λ̄.λi
−1).Id +
∑n−1
k=1
(−1)k+1
k
.
(
1
λi
−1 .Ni
−1 + 1
λ̄
.N̄ + 1
λ̄.λi
−1 .Ni
−1.N̄
)k
)
= 0,
á Hâ

{  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
§cggÒ§-g
Ni
−1 vyqYscwgv°zy»x{skgNIs.{tsx« Mi−1  kxIfÐ}`aá H{â8Q§'g	qtgNgÒsc>s λ̄ vyq.qkv°fawzyp%skcwg|IgxIf	gskvyÐfagNx«wscwg
λi
»skc»>s!skcwgdxWgßÃv°gNHsx{«
N̄
Nu`gdkg3wqkv°²Igzypx{fawrsgN4{qts{tsv°|
«¬x{f)xWgß´vygHsqu`x>²{gÐskcwgrv~|Ix{{zE/bdcwg'¨Igpv~rgNYv~qsc>sskcg
k  
 `x>§'gN/x{«»Ywv°zy`xskgNHs!fÃskvÏÓ
N
§vyz°zÌc»½²{gwx{rÉÊÈgNkxaxWgßÃv°gNHsqdx{z°p´vy%vÏsq
k  
 ww`gYrvy{|{xIzP
Yq@x{qkgN}HwgNgI½skxxIfawrskg-scwgxWgß´vygHsq!x«
M̄
u`x>²{gÐskcwgrv~|Ix{{zE>xIwgdx{wzypwgg3wqskx
s¨IgvyHskx´IxIwHsdskcwgscwg.«¬x{zyzyx>§v°w|	sgfaqNË 1
λi
−1 .Ni
−1 + 1
λ̄
.N̄
ÐbdcgNqkgxWgß´vygHsq§v°zyzqkv°fawzyp
u`g$%§-gvy|{cHskg31vÏscwfagskv~afagN{ªx«-skcwg$xWgß´vygHsqv°1scwg$wsw/skcg´§'gNv°|IcHsq.u`gvyw|¯gN}H{z@skx
(wi.
λi
λ̄
)/S
§v°skc
S =
∑
j wj .
λj
λ̄
 Yqtvyw|Ñskcwv~qakg3qtzÏs3@skcwgNZxIwg%ÎxIf	rskgskcgxHgß´vygHsq
{u»x>²Ig{I§cwvycg;§'gNv°|IcHskgNÃ{kv°skcf	gskv~fag3´x{«4skcwg.xIkgNqk»xIrvyw|ÒxHgß´vygHsq'v°$skcwgw>sw
§v°skcÑ$}H{wskv~xIkgNskvyx{%v°W²Ix{zy²Hvyw|ascwgÒwg²Wvyx{qYxWgß´v°gNIsqbdcwgqfagcwgwxIfagwxIrÉ
`gN{q'«¬xI'scwg.wgÓWsqtgsx«xWgß´vygHsqd{u»x>²Ig{H§vÏsc{;gN²{g;fax{gYxIfawz°gÓ;xIkgNskvyx{ÃvyW²{x{zy²Wv°|
{z°z»skcgkgN²Hvyx{»qtzyp	x{fawrsgNxWgß´v°gNIsq\jYwg.{;xIHskvyHgskcvyq-§d½p	Isv°z4{z°z`skcgxHgß´vygHsq
x{«scwgfagN%c½²IgYu`ggN%g-QgN8sv°²Igzyp$xIfawrskg34
 1;
 <!
;/2> @?A
./ 
     			
	      	  
Þg.kg3{z°z»skcsdskcwg³Ìvyg|{x{w;x«v°|Ivy´skqt«¬x{fÃ>sv°xIq\vy$scwg.rÉ¥rv°fagNqtvyx{»zQ\z°v~rgN{qkIg{
§v°stskgN$cwgNkg
SE(n)
rv~q-skcwgqkgfavÏÉ¥rvykg38sdwxWw8sdu»gs§'gNg
(SO(n),×) á¬xs>sv°xIqâÐ (Rn, +)á¬skqkz~>skvyx{»qâ'rg®»wgNcIq-«¬x{zyz°x>§qNË
 gzygfagHsdx« SE(n) vyq-wvy}HwgNz°pÃgwgNqkgHsgNÃuWp´	x{wz°g (R, t) ∈ SO(n)×Rn {´v°sq{skvyx{x{©	»xIv°Hs
x
x«
R
n
v~qd|{vy²{gN;uWp
(R, t).x = R.x + t

 ©wz°skvywzyvyN>skvyx{Ë (R′, t′).(R, t) = (R′.R, R′.t + t′) 
 %gNrskzÌgNz°gNfagHsNË (Id, 0) rv°W²{gNqkg{Ë (RT ,−RT .t) 
 gkg3qtgNIs>sv°xI$x« (R, t) uWp$ (n + 1)× (n + 1) fÃskvÏÓ$»qtvyw|	cwx{fax{|IgwxIq-xWx{rvy>sgNqNË
(
R t
0 1
)
.
 ³Ìvyg;{z°|IguwwË	skc»w¨rqsx¯scwg;fÃskvÏÓ1kgNwgNqkgHsskvyx{ªx« SE(n) @v°savyq	qtvyfawzyg´skxqtgNg´sc>sskcwgÃ³v°gÃzy|{gNuw´x«
SE(n)
{u`g	«¿v°skcr«¬wzyzyp¯kgNwgNqkgHskg3¯uWp%skcwg	«¬xIz°zyx>§v°|$²{g38sx{qt»{g
x«!fÃ>skv~gNqNË
(
dR dt
0 0
)
,
§cwgg
dR
vyqWp©qk¨{g§
n × n fÃskvÏÓ¯» dt Wp%²{gNskxIx« Rn .i¥¯scwvyqgwgNqkgHs>skvyx{skcwg³v°guI¨{gs
[., .]
v~qqkv°fawzyp$|Iv°²Ig$uWp$skcwgfÃ>skv°Ó;³v°g.uw{¨IgsNË
[A, B] = A.B − B.A 

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç H
 kxIwgÓr»xIwgHsvy{zEË.v°sÒu`g´x{fawwskgNqkvyw|©rv°gNskzyp©skcgÃfaskvÏÓÑkgNwkg3qtgNHs>sv°xIÌ4x{
uWp$v~rgHskv°«¬pWv°|scwgx{gÉÊfagsgdqtuw|{x{w»qdx«
SE(n)
@iÊsv~q|Iv°²Ig$uWpQË
exp(dR, dt) =
(
edR, edR.(
∫ 1
0
e−u.dRdu).dt
)
,
§cwgg
edR
v~q-skcwgfÃ>skv°Ó$gÓW`x{gHskv~z4x{«
dR

#&% ¿N    £  !  "   !' ¢r¡(¿ "  kxIf nWg38skvyx{ §-g	¨Wwx>§skcsvÏsv~q.x{z°prg®gNz°xrNzyz°p
vyÑ$wgvy|{cWu`x{cwxWxr©x«\scwg	wgrs{z/gNz°gNfagHs
(Id, 0)
+x>§-g²Ig3`qkv°»g	§'gc½²{g	Ã«¿v°skcw«¬wz@kgNwgÉ
qkgHs>skvyx{x«
SE(n)
v°skgfÃqx«ÐfÃ>skv~g3qQ§-g	N¯»qtgskcwgafÃ>skv°Ó¯vÏsgv°xI©«¬x{scwggÓrvyqtskgNg
x{«skcwgwv°»vyz-z°xI|I{kv°skcwf%Ë	«¬x{f nWwuqkgNskvyx{4w {!§'g;¨Wwx>§ skcsa{­vyH²Igkskvyuwzyg$fÃ>skv°Ó§v°skc
x%áExIf	z°gÓwâ-gNv°|IgW²>zywg.x{skcgzyxIqkgN;cz°«¸ÉPzyvywgx«wg|H>skvy²{g.gN{z4HfÒu`gqdc{qwvy}HwgfÃskvÏÓ
zyx{|HvÏscwfå§vÏsc;gNv°|IgW²>zywgNqÐc½²Wv°w|v°fÃ{|{vyp»ksq-v°
]− π, π[ @i¥$skcwg.IqtgYx«xs>skvyx{»qIskcwv~qfag3qÒskcsaskcwg²>v°xIq{w|{zygNqx«Ykx{s>sv°xIæá¸scwgg©{­u»gÇÂº½Â¾k¼>Ú!|{zygNqx«xs>skvyx{±v°Zskcwg
|IgwgN{zwrÉ¥rvyf	gNqkv°xIzQIqtgII§cwgNkg3{q@xIwzyp	xIwggÓrvyqtsqÐv°%ämx{ IäâÐx«kx{s>sv°xI
R
qtcwxIwz~Ãwxs
|IxÒxIrsqkvywg
]− π, π[ v°«/§-gY§dHs'skcwg.zyx{|I{kv°skcfåx{« R skx	u`g§-gzyz°ÉÊrg®wg34ÐjskcwgNk§v~qtgIWx{wgwxswg®wga´wvy}Hwgazyx{|HvÏscwf%bdcwv~qvyqYspWwv~{z°zypskcwgÃIqtgÒ«¬x{ −Id vyäá¿vE g{;kx{sskvyx{©x« 180wg|{gg3qâW§cwxIqkgs§'x   qtfÃzyzygNqtsrgNz4zyx{|HvÏscwfÃqdgscwg.«¬x{zyz°x>§vyw|»Ë
(
0 −π
π 0
) » ( 0 π
−π 0
)
.
xIv°|	u»{¨askx
SE(n)
§'g.c½²Igscwg.«¬x{zyz°x>§vyw|agNqkwzÏs3Ë
.¡    ¿    K   ÂÚ°ÆÔH¼>¾8¶¸ÀWÁ ÆÖ¼´¾8¶ÏÔ¶¿Õ;ÀP¾k¼>¹Ç¬ÖÆ>¾8ÁÃ¼>ÀP¶¿Æ>¹
(R, t)
¶~Ç ÐÂÚ¸Ú ·tÕ{ÂEÙ\¹QÂÕ$¶ ÖÒ¼¹`Õ$Æ¹Ú Ø
¶ Ö.ÀwÂÒÚ°ÆÔI¼¾8¶¸ÀrÁ ÆÖ¶¸ÀEÇ¾kÆ>À¥¼>ÀP¶¿Æ>¹aÅ¼>¾8À
R
¶~Ç ÐÂÚ¸Ú ·tÕIÂ¿ÙÐ¹`ÂÕ 
d¾kÆNÆtÖ bdcgÃz°xI|Iv°skcwf x{«
(R, t)
vyq§'gNz°z°ÉÊwg®wg3v°«xIwz°pvÏ«dskcgÃfaskvÏÓÑkgNwkg3qtgNHskvyw|
(R, t)c»{q±wvyvyz.zyx{|HvÏscwf%§cwv~cæv~qgN}Hwvy²½{z°gNHs;sx±scwg«¿{8sskc»>s©vÏs%cIq;xZgNv°|IgW²>zywgxI
scwg´zyxIqkgNÑwgN|I>sv°²Igaz°vywg{;bdcwgÌskcwv~qv~qgN}Hwvy²>zygHsskxscwgÃ«¿{sskcs
R
cIqwx%gvy|{gNH²>{z°wgaxI
scwg´zyxIqkgNÑwgN|I>sv°²Igaz°vywg{!qkv°g	skcwg´gNv°|IgW²>zywgNqx{«'scwgÃww`gskv~|{wz~fÃ>skv°ÓZá¿v°skgNkfÃqx{«
uz°xr¨rqâ ( R t
0 1
) wg`g±x{wzyp1x{ªscwg$uwzyxr¨rqvy±v°sq	rvy{|{xIzP!vE g{Ñx{wzyp1x{
R
\»Í¹`ÆÀ
t

Yq;x{»qtg3}Igg{wscwgÒzyx{|HvÏscwf x{«\´v°|Ivy;sk»q«¬xIkfÃ>sv°xI%vyqY§'gNz°z°É¥rg®gN%v°«Ð%xIwz°p%v°«@skcwg
zyx{|HvÏscwfx«!v°sqdxsskvyx{ksvyqd§-gzyz°ÉÊrg®wg34
@ ¡(¬   ¡H     ¡Ã " $# % E    £ 	K  "  0   32 ¢r¡(¿¢    3  ¢   Þgc½²{g.qtgNgv°¯nWuqtg38sv°xI
w skcsxuwv°ÉPvyW²>vy{IsfagNgÓrv~qsqvyscwg'vy|{v~ÒIqtgIjYwg-fÃ½px>§­{qk¨Yscwgd}IgNqtskvyx{ÌËÌv~q/skcwgNkg
Òqtvyfawz°gvÏsgv°xIa«¬x{'skcwgYgÓrv~qsggx«4scwguvÏÉÊv°W²>v~Hs\fagN$x«Ìv°|Ivy	s{q«¬xIkfÃskvyx{qE´i¥$skcwg
N{qkgx«\uvÏÉÊv°W²>v~Hsfagskv~qN»xIwgÒc»{qqtc¯;vÏsgv°xIÌË-skcwg	uwv°ÉPvyW²>vy{Isfag3¯v~q§-gzyz°ÉÊrg®wg3
Iqzyx{w|¯IqÒzyz@scwg;ws%v~qÒqtskvyskzypÑvyz°wgN1vy±1¾kÂÊÔÜrÚy¼>¾ÔHÂÆNÕIÂ8Ç8¶¿Ä©µ¼>Ú¸ÚÌx{«Irv°»q
r
qtc1sc>s
scwg	|{gxrrg3qtv~u»zyz/x{«ÐIrvyq
2.r
v~qqsv°zyz!kgN|{wz~	á   	Ê4|IgIâi¥¯scwg	N{qkgÒx{«Ðkx{sskvyx{qNscwv~qYv~q
gNwg3q-skx´cwg3¨Hvyw|skcs§vÏscwvy%skcwgwsWskcwgNkgrxWg3qwxsgÓWv~qtsÃx{wz°g
R

R′
qt»c;sc>s

I  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
R−1.R′
c{q{%{w|{zyg.x«!kx{sskvyx{$|Ikg3>sgx{g3}HzQsx
π − C favyWqÃqkfa{z°zÌx{qts{Hs  {	P'ÞÑgc»½²{ggÓw{skzypÃskcwgqfag.gNqkwzÏsvyskcwgN{qkgx{«/v°|Ivy$sk»q«¬xIkfÃ>sv°xIqNË
E"   ¡    7  Û/ÂÀ
(Ri, ti)
µÂ
N
¾8¶ÏÔ¶¿ÕÀP¾k¼>¹Ç¸ÖÆ¾8Áa¼ÀE¶¿Æ¹wÇaÇ¼>ÀP¶~Ç¬ÖØ>¶¸¹HÔ
sup
i,j
d(Ri, Rj) ≤ π − C
"
 Â¾Â
C > 0
¼¹`Õ  Â¾kÂ
d(R, R′)
¶~ÇYÀ Â.Áa¼NÔ¹»¶¸ÀEÜÕIÂÆÖYÀ Â.Ú°¼¾EÔIÂÇ8ÀÐ¼>¹WÔÚ°ÂÒÆÖY¾kÆ>À¥¼>ÀP¶¿Æ>¹¯ÆÖ
R−1.R′

 Â¹´ÖÆ¾a¼¹Ø;ÇÂÀÆÖ¹`Æ¹·¥¹QÂPÔH¼>ÀP¶¸º>Â ÐÂ¶ÏÔ WÀEÇ
(wi)
"À Â¾kÂÃÂãI¶~Ç8À¿Ç	¼Ür¹»¶¿ÝÜÂÃµ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀYÁaÂ¼>¹ÃÖÆ¾
(Ri, ti)

d¾kÆNÆtÖ Þgc½²Igqs-qtgNg	skcs\skcgxIrv°skvyx{av°fa`xIqkgNaxI	xs>sv°xIfÃ>skv~g3q@g»qtwgNqsc>sÐskcwgNv°
uvÏÉÊv°W²>v~HsÐfagN{$v~q'§-gzyz°ÉÊrg®wg34H«¬x{Wpa§'gNv°|IcHsq
(wi)
\³Ìgs-qkg§kv°skg
R̄
«¬x{'skcsuprgHsg3
R̄
v~q-v°»zyrgN;vy$scwgqfag|{gNxWwgNqkvyuzyz4{q'skcwgws	´skcWqdq>skv~qt®gNq'skcgqfag.x{»rvÏsv°xI$xI
v°sqgvy|{gW²>zywg3qÐsc;skcgw>swË
sup
i
d(Ri, R̄) ≤ π − C

Þgwx>§Îc½²IgdskxcgN¨Ò§cgskcg'wwv~}Igskqkz~>skvyx{
t̄
gÓrv~qsqH§cwv~c´qkskv~q®»gNq!scwg«¬xIz°zyx>§v°|
u»pWgHskv~g3}I»>skvyx{Ë
∑
i
wi log((R̄, t̄).(Ri, ti)
−1) = 0.
á 3Iâ
Þg@c½²Ig{Ë
(R̄, t̄).(Ri, ti)
−1 = (R̄.RTi , R̄.(−RTi .ti)+t̄)
/³Ìgsq4§v°skg
M(dR) = edR.
∫ 1
0
e−u.dRdu

Þg§v°zyz`qkxWx{$qkcwx>§¦sc>s
M(dR)
vyqdzy§d½pWq\v°W²{gNtsv°uz°gYwkx>²Wv~rgNÃskcsÐskcgYwxIkf x{«zy{k|IgNqtsÐgvy|{gNrÉ
²>{z°wg.x{«
dR
vyqqtfÃzyzyg-skc{
π
\bdcwg%Ð}`á 3Iâ'§vÏsgNqvy$sgfÃqx«/skqkzyskvyx{qNË
∑
i wiM
(
log(R̄.RTi )
)−1
.
(
R̄.(−RTi .ti) + t̄
)
= 0
⇐⇒
(
∑
i wiM
(
log(R̄.RTi )
)−1
)
.t̄ =
∑
i wiM
(
log(R̄.RTi )
)−1
.RTi .ti.
á NIâ
bdcWqNQ§'gaqkggsc>sskcggÓWv~qtskg»ga©wvyvÏsp©x{«'qkcÑ
t̄
vyqg3}Iv°²>zygHsYskx;skcwg	v°W²Igkskvyuwv°zyv°spx{«
scwgÃ«¬xIz°zyx>§v°|©faskvÏÓ4Ë ∑
i wi M
(
log(R̄.RTi )
)−1 »rgÒskcwg´gNqtskv~8skvyx{ªrg3qkkvyu`gNªu`x>²{gaxI
xs>sv°xIqskcwv~q\fÃ>skv°Óv~q\vyrgNgNavyW²{gkskvyuwzyg{H	scwvyq'xIzyrg3q!skcwgwkxWx{«b/xqtgNgskcvyqNI§-gc½²Ig
scwg.«¬x{zyzyx>§v°w|a³ÌgNfafaË
   ­¢ 	  Û/ÂÀ
(dRi)
µÂ
N
¼aÇ IÂ ÎÇ8Ø>ÁÁÃÂÀE¾8¶¿ÄÒÁa¼ÀE¾8¶¿ÄÂÇE"\Ç8ÜÄÀw¼À'ÀwÂÒ¹`Æ¾8Á ÆtÖ.À Â¶¸¾Úy¼>¾EÔHÂ8Ç8À
  ÄÆ>ÁÅ`ÚyÂkã  Â¶ÏÔHÂ¹º>¼>Ú ÜÂ¶~ÇÒ¼>Ú Ð¼Ø½ÇÇ8Áa¼Ú¸Ú°Â¾ÒÀ ¼>¹ π − C " @¶¸À C > 0 Û/ÂÀ
M(dR)
µÂ;ÂÝÜ¼>Ú\À¥Æ
edR.
∫ 1
0 e
−u.dRdu
ÖÆ¾;¼>¹»Ø%Ç {Â  Ç8Ø>ÁÁÃÂÀP¾8¶¿Ä$Áa¼ÀE¾8¶Ïã  wÂ¹ÖÆ¾;¼>Ú¸Ú
dRi
"
M(dRi)
¶~ÇÒ¶¸¹»º½Â¾8ÀE¶¿µÚ°ÂU"Y¼>¹QÕ.ÖÆ>¾Ã¼>¹Ø¹`Æ¹·¥¹QÂPÔH¼>ÀP¶¸º>Â ÐÂ¶ÏÔ WÀEÇ
(wi)
" ∑
i wiM(dRi)
−1 ¶~ÇÃ¼>Ú ÇÆ¶¸¹»º½Â¾8ÀP¶¿µÚ°Â 
d¾kÆNÆtÖ bdcg¯¨{gNp±v~rgN1v~qaskxZqtgNg%skcwg©«¬xIkf s{¨{gNÎuWp
M(dR)
vy6ÍwkxIwvyskg%x{kskcwxIwx{fÃz
u»{qkvyqN kxIf z~{qqkvyNz!z°vywg3zy|{gNuw4§'gac½²IgÒscwga«¬x{zyzyx>§v°w|%qk»g38skz@rg3xIf	`xIqkv°skvyx{Ñ«¬x{Wp
qk¨{gN§ qtpWfafagskv~fÃ>skv°Ó
dR
ËdskcwgNkggÓrvyqtsq$rg3xIf	`xIqkv°skvyx{©x«@scwgÒ|IgxIf	gskvyNzqtIg
R
n
v°
wv°gNsqkwf*x«'Á	ÜrÀPÜ¼>Ú¸Ú Ø$Æ¾8À ÆkÔHÆ>¹Q¼>Úwqkwuqk{gNqNr§cwvyc%gzyz!Ç8ÀÊ¼IµÚ°Âd«¬x{
dR
½ 	Ê
bdcwg3qtgaqkwuqk{gNqgÒx«Ðs§'x;¨HvywqNË®»qts
k
á¬`xIqqtvyuwzyp©gN}H{zskxÈgNkxWâY>ÉÊwv°fag»qtvyx{{z²IgN8sx{
qkwuqkIgNq
Ek
r»Ãqtg3x{»´Òqkv°|{zygqtuqt»{g
F
x«rvyfagqkv°xI
n− 2.k á¸scwgx{kskcwxI|{x{»zx{fawzygÉfagNIs'x«`skcwgx{skcwgNÐqkwuqk{gNqâ8
F
v~q\qkv°fawzypskcwg¨Igwgzx«
dR
H{aWp
j
vy
1...k

dR
gNqtskvywgN

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç  
sx
Ej
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0 −θj
θj 0
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θj 6= 0
'§cwv~c¦vyq´skcwg
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
M(dR)
v~qgN}H{zQskxË
(
sin(θj)
θj
cos(θj)−1
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− cos(θj)−1
θj
sin(θj)
θj
)
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qkcwx>§qskcs§cwgwgN²{gN«¬xI.{z°z
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v~q.gN}H{zskx
(
sin(θj)
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cos(θj)−1
θj
)2
Ì§cwv~c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vyW²{gNqkgYx{«
M(dR)
s¨IgNq-scwg.«¬x{zyz°x>§vyw|«¬x{f vy
Ej
Ë
(
θj . sin(θj)
2.(1−cos(θj)
θj
2
− θj2
θj . sin(θj)
2.(1−cos(θj)
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a b
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M(dR)−1
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M(dR)−1 = S + A,
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N
qt¨Ig§ faskvygNqd§cwxHqtggNv°|IgW²>zywgNq
{kg.qkfa{z°zygdsc
π − C ÐWp$xIH²IgÓ$x{fÒuv°skvyx{x«/skcwg M(dRi)−1 §v°skgNqNË
∑
i
wiM(dRi)
−1 = (
∑
i
wiSi) + (
∑
i
wiAi) = S̃ + Ã,
§cgg
S̃
v~qqtskvyz°z'qtpWfafagskv~Ãrg®vÏsg´»xHqtv°skvy²{g´{
Ã
vyqÒqt¨Ig§ qtpWfafagskv~ ∑
i wiM(dRi)
−1 vyq
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S̃+Ã
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sc>sv°«skcwgNkggÓWv~qtsqdx{g
x
qtcsc>s
(S̃ + Ã).x = 0
Wskcwv~qvyf	z°vygNq
xT .S̃.x + xT .Ã.x = 0
Ðbdcwg
xskv~gskcs
xT .Ã.x = (xT .Ã.x)T = −xT .Ã.x = 0 bdcWq (S̃ + Ã).x = 0 vyfawzyv°g3q xT .S̃.x = 0 §cvycÎvyq´gN}Hwvy²½{z°gNHs©á
S̃
v~q´qkpWf	fagskvy`xIqkvÏsv°²IgÉ¥rg®vÏsg3âÒskx
x = 0
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Qscwg	|{x{w©x{«
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scwgÐuwv°ÉÊv°W²>vy{Hs
fag31x«dskcg´kx{sskvyx{ksqx{«dskcwg$>s©{ªrg3rga«¬x{f v°sskcwg´skqkzyskvyx{ksqkv°|©skcwg
u»pWgHskv~g3}I»>skvyx{rz°vy¨{g.vy;scwg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c»½²{g{Ë
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(Ri, ti)
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 ¼>ÀÃÀwÂ¾kÂª¼>¹WÔÚ°ÂÇÆtÖ
¾Æ>À¥¼>ÀP¶¿Æ>¹
θi
Ç¼ÀE¶~Ç¬ÖØ
sup
i,j
|θi − θj | ≤ π − C
wÂ¹ªÀwÂaµ¶¸·¥¶¸¹»º½¼¾8¶¿¼>¹»ÀÁaÂ¼¹
(R̄, t̄)
¼½ÇÇÆNÄ¶¿¼>À¥ÂÕÀÊÆ
ÀwÂÐÂ¶ÏÔ rÀ¿Ç
(wi)
¶~ÇÔ{¶¸º½Â¹ÂãÅ`Ú ¶¿Ä¶¸À¥ÂÚ ØµØ
{
R̄ = R1. exp(+
∑
i wi log(R
T
1 .Ri))
t̄ =
∑
i wi Z
−1.M
(
log(R̄.RTi )
)−1
.RTi .ti,
áPIâ
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M
¼¹`Õ
Z

M
((
0 −θ
θ 0
))−1
def
=
(
θ. sin(θ)
2.(1−cos(θ)
θ
2
− θ2
θ. sin(θ)
2.(1−cos(θ)
)
, Z
def
=
∑
i
wiM
(
log(R̄.RTi )
)−1
.
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f1 = (π/4,−
√
2/2,
√
2/2)

f2 = (0,
√
2, 0)
{
f3 = (−π/4,−
√
2/2,−
√
2/2)
u»gscwgg
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scwgÃw>swÌx{fawrsv°w|;skcgvyz°g«¸stÉÊv°W²>vy{HsfagN{Ñ{¯scwgvyH²Igkskvyw|´scwv~q wNcwgsfagN{Ìbdcvyq
pWvygz~wqNË
 z°g«¸stÉÊv°W²>v~Hs wNcwgsdfag3ÌË (0, 0, 0) 
 uwv°ÉPvyW²½{kv~HsfagN{ÌË (0,
√
2−π4
1+ π4 .
√
2
2−
√
2
, 0) ' (0, 0.2171, 0) 
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√
2
3 , 0) ' (0, 0.4714, 0)
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(Si) > 0,
ÖÆ>¾¼Ú¸Ú
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ÀwÂ¹
det(E(Ti)) = e
P
i
wi. ln(   (Si)),¶ ÖÒÕ{ÂÀ
(Si) < 0,
ÖÆ>¾¼Ú¸Ú
i,
ÀwÂ¹
det(E(Ti)) = −e
P
i
wi. ln(−   (Si)),
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§v°skcskcwgdqk{fagÐqtvy|{3§cvycv~qz~qtxscwg'qkvy|{x{«
E(Ti)
@jscwg§vyqkg{½xIwg\x«rscwg-wkxrr»8sq
E(Ti)
−1.Ti§-x{zy;c½²{g.	wg|H>sv°²Ig.wgskgNkfavyHs»$v°sqkvyvy{z4z°xI|Iv°skcwfà§-x{zy$«¿vyzQskxÃgÓWv~qtsN
b/x´wx>²{g.x{kg3qtzÏs3§-g§v°zyzgzyp$xIwz°px{s§-xÃv°|{gNrvygHsqNË\scwgu{kprgHskvyg3}I»>skvyx{ªá NIâ
{Îskcg¯«¬x{zyzyx>§v°w|ªkxI»gNtspQËÑwgs
(M) = exp(
b{g
(log(M)))
§cwv~cÍcwx{z~wq´«¬x{;{WpZq}I»g
fÃskvÏÓÃ§v°skc;Òwv°v°»z`z°xI|Iv°skcwf%!bdcwvyqá¿zyIqkqkv~z¸â@g3}HzyvÏspÃN´u`gqkcwx>§a«¬xI'gÓr{fawz°gYqkv°w|
scwg Ix{wá¬x{nwcHâ-rg3x{fa`xIqkvÏsv°xI;x{«scwgfÃ>skv°Ó
M

b¨Wvyw|	skcwg.sIg.x«/skcwgu{kprgHskvyYgN}Hskvyx{%$skcgskcwg´áEqkNz~8â'gÓr»xIwgHsvy{zEr§-g.|{gs3Ë
1 = Πie
wi 
	 (ln(det(E(Ti)−1.Ti))).
bdcgÌÌ»qtvyw|©rgs
(A.B) =
rgs
(A).
wgs
(B)
{
ln(a.b) = ln(a) + ln(b)
{rgs
(E(Ti)
−1.Ti) =
| rgs (E(Ti))|−1.| rgs (Si)| w§-g.|{gsscwg|{gNx{fagskv~{zQv°HskgNk`x{z~>sv°xI$x{«!rgskgNkfavyHsqNË
1 = | rgs (E(Ti))|−1 . exp
(
∑
i
wi. ln (|
wgs
(Si)|)
)
,
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fÃskvygNq'skx´x{fawrsg.skcwgNv°uwv°ÉÊv°W²>vy{Hs-fagN{Ì
 	  
³gsdqdwx>§6q½pÃ«¬gN§æ§-x{wq'{u»xIrsÒ²Igp	vyHskgNkg3qsv°w|aqkwuwfÃwv°«¬x{z~á¿§cwv~c;v~q¹`Æ>À4	qtuw|{x{w`â
x{«
GL(n)
Ë.scwg´qtgs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Sym?+(n)
´h-p
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skxscwvyq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°H§cwv~c´vyq-ÃvyfÃ|Iv°w|Òf	xrw{z°v°spa§cwxIqkgvyfa»xItsgcIqÐu`ggN
qtskg3{rvyzyp´|{x>§v°|Òvy;scwg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vyI8skv~gI
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EAff (S1, ..., SN)
x{«
N
sgqkx{q
S1, ..., SN
vyq'rg®»wgNavyfawz°v~v°skgNz°p	uWpÒscwg«¬xIz°zyx>§v°|
u»pWgHskv~g3}I»>skvyx{Ë
N
∑
i=1
log(EAff (S1, ..., SN )
−1.Si) = 0,
áE:3â
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scwv~qaf	g3q	sc>sÃxIwÃuwv°ÉPvyW²½{kv~Hs	f	g3Î>swzyz°p­wvÏ®»gNqavyIsxªÑ²Igpª|{gNwgz'«¬{fag§-x{¨1
Wwfu»gN.x«'§-gzyz°ÉPg3qsuwzyvyqkcwg3©wxsv°xIq.x«'f	g3qY«¬xI²½{kvyx{»qspW`gNq.x«-w>s$zyv°²Wvyw|%v°1³Ìvyg	|{x{wq
á¿g{ |	skg»qtxIqNrkx{sskvyx{qNHskqkzyskvyx{qâ8
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bdcg$v~rgNvyqÒskxwg®wg;sk»q«¬xIkfÃ>sv°xIq.sc>s	gÓrcwvyuwvÏsÃ©zyxrzyzypvy|{v~1x{ßÃwg$u`gc½²Wvyx{3/§v°skc
vyg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sv°xIquWp1®wv°skg$Wwfu»gN
N
x«ßagÄÆÁÅÆ>¹QÂ¹»À¿Ç8%\gNvyqkgzyp{gNIc1x{fa`x{wgNIs
i
xIqkvyqtsqx{«
{ª>ßÃwgask»q«¬xIkfÃ>sv°xI
Ti
{x«%wx{rÉÊwgN|I>sv°²Ig ÐÂ¶ÏÔ WÀ@ÖÜr¹`ÄÀP¶¿Æ>¹
wi(x)
§cwv~cªfaxrrgz~qv°sq
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qkskv~z\gÓHsgqkvyx{ÌËscwgÃvy wgNg´x{«dskcwg
i  
 xIfa»xIwgHsÒ>s»xIv°Hs
x
v~qwx{`x{kskvyx{»zskx
wi(x)

wkskcwgNkfax{g{W§-g{qqtwfagskc»>s«¬x{{z°z
x
 ∑N
i=1 wi(x) = 1
rvP gI!skcwg§-gvy|{cHsqd{kg.wxIkfÃzyvyÈgNÌ
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x{fa`x{wgNIsqIskcgzyIqkqkvyNz`wwxIIc	skx«¬qtgskcwg
N
x{fa`x{wgNIsqH|{vy²{gNÃv°  I
	ÊWqkvyf	z°p´x{qkvyqtsq
vy©½²{gN{|{vyw|skcg{qqtxrv~>sgN;rvyqkwz~{gfagHsqIx{rv°|Òsxscwg§-gvy|{cHsqNË
T (x) =
N
∑
i=1
wi(x)Ti(x).
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
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bdcwv~qv~qdscwggN{qkx{§cWp$§-gwx{`xIqkgNawx>²{gNz4«¬fag§-x{¨Ãv°  Nw6  	P`zyzygN¯ÛÆÔ{· -ÜÄÚÏ¶¿Õ{Â¼>¹
ÅÆ>ÚÏØ{¼çZ¹`Â§cwv~cÒx>²{gNx{fagNq`scwgNqkgdrg«¬g38sqNÞÑg-z~qtxqtcwx>§-gNsc>sskcvyq/wx>²{gNz{spW`gÐx{«|{gNx{fagskv~{z
wg«¬x{fÃ>sv°xIq.1u`g´xIf	rskg3Ñ²Igp¯gß´v°gNIsz°pZá¿{q§'gNz°z\IqskcwgNv°vyW²{gNqkgNqâxI1kgN|{wz~.|{v~wq
§v°skc©aqkv°fawzygzy|{xIkv°skcwfàNzyz°g3´scwg/¼½Ç8À Æ>Ú Ø{¼tç±¹QÂ w¾k¼¹wÇ¬ÖÆ>¾8Á	
³gsÐqÐwx>§¦qtgNg§c>s\scwg³x{|ÉÊ\z°v~rg3a»xIz°pH>ßÃwgd«¬qkvyx{´xIqkvyqtsq!x{«!³gs
(Ti)
u`g
N
>ßÃwg
á¿x{kvy|{v~âs{q«¬xIkfÃskvyx{qN{ªzygs
(log(Ti))
u`g´scwgvyzyx{|HvÏscwfÃq Yqtvyw|skcwg3qtg´zyx{|HvÏscwfÃq
xIwg¯{Î«¬qtg¯skcwg
Ti
vyr®wv°skg3qtvyfÃzyz°p¦{NxIrvyw|skx1scwg¯§-gvy|{cHsq
wi(x)
§vÏsc6ÎÇ8ÀÊ¼ÀE¶¿Æ¹`¼>¾8Ø­á¿x{
¼ÜrÀÊÆ¹`ÆÁaÆÜWÇâ@jäY{z°zygNskcwg   ³ÌxI|ÉÊ\z°v~rgN{`x{zypI>ßÃwgjäY °{i¥cwxIfax{|{gNwgxIqxWx{rv°»>skg3q
scwv~qYjä¦v~q-skcwg.«¬xIz°zyx>§vyw|Ë
ẋ =
∑
i
wi(x) log(Ti).x,
áP Iâ
§cvycZvyqaÑwvyg;vyr®vÏsgNqkv°fÃz{zyx{|Ix{qÒx«'}»máE{Iâ8±bdcg;²>zywg%>sÃ`x{vyHs
x
x{«skcg³x{|É
ÐzyvywgNÎ`x{zypI>ßÃwg;sk»q«¬xIkfÃ>sv°xIæá¿³\ÐbâÃwg®wg3±uWpæáP Hâv~qa|{vy²{gN±uWp­vyIsg|Iskvyw|ZáP Iâ
u`gs§-ggN$sv°fag
0
»
1
§v°skc
x
{qdvywv°skv~zx{rv°skvyx{
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 bdcwg	wx{`gkskvygNqx{«@skcwga³ÌxI|ÉÊ\z°v~rgN{
`x{zypIßÃwg«¬fagN§'xIk¨Ãg.gÓwgNz°zygHs3wrxawxsqk)-Qgd«¬x{fscwgrg«¬g38sqdx«/xIwd®qs`x{zypIßag

W  Y¾Ç8¶ÏÔ{¹Ø´ÂÀ¼>Ú
«¬fagN§'xIk¨Q+x>§'gN²{gNNIskcwv~qd³ÌxI|ÉÊ\zyv~rgN{Ã«¬{fag§-x{¨v~q-z°vyfavÏsgN$skx	kvy|{v~´xI-ßags{q«¬xIkfÃÉ
sv°xIq wÆ½ÇÂ.Å`¾8¶¸¹`Ä¶ Å¼>Ú@Ú°ÆÔI¼¾8¶¸ÀrÁ ¶~Ç ÐÂÚ¸Ú ·tÕIÂ¿ÙÐ¹`ÂÕ>vE g{.§cwv~cÑ{kgÒz°xHqtggwxIw|{c¯skx;skcwg	vywgHskv°sp{
nrx«¿{Nr§-grv~;xs®$skcvyqgNqtskv~8skvyx{zyv°fav°skvyw|Ãv°x{§'xIk¨ÃxI Iä z°xrNzyz°p$ßÃwg.kgN|{v~qsskvyx{
 {	PQfÃvywzyp;u`gNNqkgÒ§-g`gk«¬x{f*®»qtsY´|Iz°xIuz/>ßÃwg{z°vy|{f	gNHsx«Ð{>sx{fav°g3qu`g«¬xIkg	Wp;zyxÉ
Nzyz°p>ßÃwgg|Ivyqtsk>sv°xIÌ'nHsv°zyzE»vÏsY§'xIwzyu`g²{gNkp$v°HskgNkg3qsv°|askxÃc½²Ig.{©v°w®wv°skgNqkvyfa{zqtsk>skgN|{p
x{«@«¬qkv°xIÑ{uz°gx«\c{rzyv°w|%Wp;spW»g	x«Ðzyxr{z/v°|Ivy¯x{YßÃwg	wg«¬x{fÃ>sv°xIqÒá¿wkx>²Wv~rgN©skcwgNv°
wvyqk»gNqkvyx{vyqdwx{sskxWxazy{k|Ig{Wx«@xIwqtg½â8Q¾kÂÊÔI¼¾kÕWÚ°ÂÇÇÆÖ.ÀwÂ¶¸¾Õ>¶~Ç8À¥¼>¹QÄÂÒÀ¥ÆÃÀwÂÒ¶¿Õ{Â¹ÀP¶¸ÀEØ>
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 ¢)J   E'¡>¢     ¡ ­¢w         E'   b/x©rg®»wgÃx{w.wx>²Igz@`x{zypIßag
«¬»qtvyx{ÌwNzyz°g3¯Ú°ÂEÖÀP·¥¶¸¹º>¼>¾8¶¿¼>¹»ÀE»§'g§vyz°z4gzyp´x{;uwv°ÉPvyW²½{kv~HsdfagN»q'x{«/v°|Ivy$x{>ßÃwgs{q«¬xIkfÃÉ
sv°xIqN
³gs
(Ti)
u`g
N
ßagÒá¬xIÐv°|Ivyâ!skqt«¬x{fÃ>skvyx{»qzygs
(wi(x))
u`gYqkx{fagwxIrÉPg|Iskvy²{gd§-gvy|{cHsq
«¬8sv°xIq¦³Ìgsa{zyqkx
(αi)
u`g
N
wxIrÉPg|Iskvy²{g;§'gNv°|IcIsqÐ§cwvycÎvyIswv°skvy²{gzyp±x{kg3qt`x{ªskxskcwg
Ô{Ú°ÆIµ¼Ú»§-gvy|{cHsqx{«'xIf	`x{gHsqN4§cwggNIq§-gvy|{cHs«¬8sv°xIq.wx>²Hv~rg;Ú°ÆNÄ¼Ú»vyr«¬x{fÃ>sv°xIÌ /vy{z°zyp{
zygs
T̄
u`gÒscwg§-gvy|{cHsgN%zyg«¸stÉÊvyH²>{kv~HsYfag3¯x{«@skcwg
Ti
{%skcg§-gvy|{cHsq
(αi)
bdcwgÒuwv°ÉÊv°W²>vy{Hs
`x{zypIßÃwgskqt«¬x{fÃ>skvyx{
Φ
Iqkqkxrv~>skg3Ãsx´zyz4x«scwgNqkgws	vyqrg®gN{q-«¬x{zyzyx>§qË
{nHs{tsv°|«¬x{f*`xIqkv°skvyx{
x0
Wskcwg.«¬xIz°zyx>§v°|ÃjäY á¬vycx{fax{|IgwgNx{q-xWx{rvy>sgNqâ\v~qdvyIsgÉ
|{>sgNrwv°w|axIwg.wwv°sx«skvyf	gIw§cwv~c;pWvygz~wq®{z4»xHqtv°skvyx{
Ψ(x0)
Ë
ẋ =
∑
i
wi(x) log(T̄
−1.Ti).x.
áP>Hâ
rdÞÑgxIurs{v°scwg.²½{z°g>s
x0
x{«scwg³Ìi¥Ðb
Φ
uHp;x{fawwskvyw|Ë
Φ(x0) = T̄ .Ψ(x0)

bdcwv~qÐ{z°zyx>§q!sx.«¬qtgv°r®»wvÏsgNqkv°fÃ{z°zypÒscwg
Ti
kx>²Wv~rgNx{wzypskcs\skcwgz°xI|Iv°skcwfÃq!x«Qscwg
T̄−1.TigÓrvyqtsNQ§cwv~crxWgNqYwx{sgN}HwvykgskcsÃ¼¹Øx{«@skcwg	z°xI|I{kv°skcwfÃqx«@skcg
Ti
gÓrvyqtsN.bdcwg	wx{`gkskvygNqx{«
scwv~qÐ«¬»qtvyx{${kg}HwvÏsgYvyg{Ë!z°g«¸stÉÊv°W²>v~gY»´>ßÃwgÉPvyW²½{kv~»g{bdcwgp´{kgqtf	fÃ{kvyÈg3Ãv°$skcwg
«¬xIz°zyx>§vyw|ÐkxI»xHqtv°skvyx{ÌË
.¡    ¿    A/   Â	Ú°Â¿ÖÀP·¥¶¸¹º>¼>¾8¶¿¼¹À/ÅÆ>Ú Ø{¼tç±¹QÂdÖÜWÇ¶¿Æ¹
Φ
ÆtÖÀwÂ	ÄÆÁÅÆ>¹QÂ¹»À¿Ç
(Ti, wi(x))
@¶¸À
¾Â8ÇPÅÂÄÀÐÀ¥ÆÃÀwÂÔ{Ú°Æ{µ¼>ÚÐÂ¶ÏÔ WÀEÇ
(αi)
w¼>ÇÀ ÂÐÖÆÚ¸Ú°Æ@¶¸¹WÔ¶¸¹º>¼>¾8¶¿¼>¹QÄÂÅQ¾kÆÅÂ¾8ÀE¶¿ÂÇ	
 
ÚyÂ¿ÖÀP·¥¶¸¹º>¼>¾8¶¿¼¹`ÄÂ .¼¹ØaÚ°ÂEÖÀE·¥Á	ÜrÚ ÀP¶ Å`Ú ¶¿Ä¼>ÀP¶¿Æ>¹   µØ´¼>¹¼çZ¹`ÂÀP¾k¼¹wÇ¬ÖÆ>¾8ÁÃ¼>ÀP¶¿Æ>¹  ÆtÖYÀwÂ Ti ¾kÂÇÜrÚÏÀ¿Ç¶¸¹¼´Ú°Â¿ÖÀP·¥Á	ÜrÚ ÀE¶ ÅQÚ ¶¿Ä¼>ÀP¶¿Æ>¹ªÆÖ
Φ
 
¼tç±¹QÂ·¥¶¸¹»º½¼¾8¶¿¼>¹QÄÂ ÍÀwÂaÖÜWÇ8¶¿Æ¹ ÕIÆNÂÇ¹`ÆÀaÕIÂÊÅÂ¹`Õ¦Æ>¹ À ÂªÄÜr¾8¾Â¹»À	Ä wÆ>¶¿ÄÂ­ÆtÖÑÄÆ3Æ>¾kÕ¶¸¹`¼>À¥Â
Ç8Ø½ÇÀ¥ÂÁ
 
¼À¼>¹Ø´ÅwÆ¶¸¹À
x
Ç8ÜÄ±Àw¼>À
wi(x) = αi
ÖÆ¾¼Ú¸Ú
i
" ÐÂ w¼>º>Â
Φ(x) = T̄ .x
".¶ ¸Â 
x
ÁaÆº½ÂÇ
¼{ÄÄÆ>¾kÕ¶¸¹HÔ;À¥ÆÃÀwÂÒÁaÂ¼>¹ÀE¾k¼¹wÇ¬ÖÆ>¾8ÁÃ¼>ÀP¶¿Æ>¹

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç A
d¾kÆNÆtÖ ÐkxWx«dx«zyg«¸skÉPvyW²½{kv~»g{Ëz°gs
A
u`g$­ßÃwgÃsk»q«¬xIkfÃ>sv°xIqN1zygsqgwz~{gaskcwg
Ti
uWp
A.Ti
$h-pÑxIqtsk8sv°xIÌ
T̄
vyquvÏÉÊv°W²>v~HsÑvyqkgNwzyIg3uWp
A.T̄
»scWqÐ}`áP>Hâ
gfÃ{v°q-w»cw|IgN4Ë
ẋ =
∑
i
wi(x) log(T̄
−1.A−1.A.Ti).x =
∑
i
wi(x) log(T̄
−1.Ti).x.
nrv°g.skcwg²>{z°wg.x{«
Φ
vyqxIurs{v°gN;uHp$z°g«¸stÉÊfÒwz°skvywzypHvyw|ÃuWp
T̄
v°©ÃqkgNx{qsgÌ
Φ
v~qkgNwz~{g3´uWp
A.Φ
w§cvycfagN»q-skcsx{wwx>²IgzQ`x{zypI>ßÃwg«¬qkvyx{%vyqdzyg«¸skÉPvyW²>vy{Is3
ßagÉÊv°W²>vy{gIËÒzygsÒ»qÒc{w|{gascwg$kgHsÒxWxIrvyskg´qkpWqtskgNf uWpskqt«¬x{fav°w|
x
v°Hskx
y
def
= A.x
vy%cwx{fax{|IgwgNx{qdxHxIwv°skg3q!bdcwv~qdkg3qtwz°sqdvyskcwg.«¬xIz°zyx>§vyw|Ãcw|IgNqNË
 	§-gvy|{cHsd«¬w8sv°xI x 7→ wi(x) u`gNxIfagNq y 7→ wi(A−1.y) 
 {ßagYs{qt«¬x{faskvyx{ Ti u`gNx{fagNq A.Ti.A−1 
 scwguwv°ÉPvyW²½{kv~HsdfagNu`gNxIfagNq A.T̄ .A−1 
i¥scwg.wg§ xWx{rvy>sgqkprqsgfÃqNWskcwgzyg«¸skÉPvyW²½{kv~Hs`x{zypI>ßÃwgÒjäY¦u»g3x{fag3qË
ẏ =
∑
i
wi(A
−1.y) log(A.T̄−1.A−1.A.Ti.A
−1).y = A.
(
∑
i
wi(A
−1.y) log(T̄−1.Ti)
)
.A−1.y,
§cvycpWv°gNzywqNË
d
dt
(A−1.y) =
∑
i
wi(A
−1.y) log(T̄−1.Ti).(A
−1.y).
áEI{â
bdcwv~qYf	g3qskc»>s
x(t)
vyq$qkx{zyrskvyx{©x{«\Ð}`	áP>WâdvÏ«-%xIwz°p%v°«
y(t) = A.x(t)
v~q$qkx{zyrskvyx{
x{«´áE{Iâ8vP gI)x«scwgzyg«¸skÉPvyW²>vy{Is´`x{zypIßÃwgjäYàv°6skcwgÑwx>²{gNzxWx{rvy>sg¯qtprqtskgNf q$
x{qkgN}HwgNgIÎcw|Ig¯x«	xWx{rvy>sgÑqkpWqtskgNf:rxWgNq;wxs©(-QgNs;scwg1z°g«¸stÉÊv°W²>v~Hs;`x{zypIßag
«¬»qtvyx{ÌrvP g{!skcvyqd«¬»qtvyx{%v~q>ßÃwgÉÊvyH²>{kv~HsN
vyzyz°pI>s	`x{vyIs
x
qkcskc»>s
wi(x) = αi
w§-g.c½²{gIË
∑
i
wi(x). log(T̄
−1.Ti).x =
(
∑
i
αi log(T̄
−1.Ti)
)
.x = 0.x = 0,
uWp±x{qtskskvyx{Îx«skcwg¯uvÏÉÊv°W²>v~Hs	fag3
T̄
æbdcwv~qÃvyf	z°vygNqasc>s
X
v~q´Ñ®wÓrgNÎ»xIv°Hs´x{«
Ψ

bdcgg«¬x{g{W§-g.c½²{g
Φ(x) = T̄ .x
s-scwv~q»xIv°Hs3
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 ¢)J   EÐ¡>¢     ¡ ­¢r      bdcgÒwvyg»v~%«¬x{
scwgv°r®»wvÏsgNqkv°fÃ{zd«¬qtvyx{Zx«zyxr{z-vy|{v~ªx{Ã>ßÃwg%xIfa»xIwgHsqg|I{wz°g3qkqÒx«scwgvyÃrvyqts{g;skx
scwg¯v~rgHsvÏspÎvyqÃskcwg©«¬xIz°zyx>§vyw|Ëskcwg©«¬»qtvyx{¦v~q´wx{s¶¸¹º>Â¾Ç8¶¿Æ¹·¥¶¸¹º>¼>¾8¶¿¼¹ÀPvP gIæscwg¯vyH²Igqtg©x{«.
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§cvyc¯v~qYskcwg	uwv°ÉPvyW²>vy{IsYf	g3
T̄
Þg	kg3zyzÌsc>sskcvyqfagN{{u`g²Igp;gßÃv°gNHskzyp©Hf	gNtÉ
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kgN²Hvyx{»qtzypÃv°scwvyqkskv~zyg{
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c½²IgÐ»qsrg®wg3³i¥Ðbq
ÞÍc»>su`x{rsv°|IcIskÉPvyW²>vy{Is'»xIz°pH>ßÃwgs{qt«¬x{faskvyx{qE;ÞÍvÏsc$scwg.qk{f	gwx{s>sv°xIqd{q'u»g«¬x{g{
xIwgÐNvyrgg3rg®»wg'qkc.sk»q«¬xIkfÃ>sv°xIqNuWpqkzyv°|IcIsz°pYfaxWwvÏ«¬pWvyw|scwg\zyg«¸stÉÊvyH²>{kv~Hs`x{zypIßag
jäYË
{nHs{tsv°|«¬x{f*`xIqkv°skvyx{
x0
Wskcwg.«¬xIz°zyx>§v°|ÃjäY á¬vycx{fax{|IgwgNx{q-xWx{rvy>sgNqâ\v~qdvyIsgÉ
|{>sgNrwv°w|axIwg.wwv°sx«skvyf	gIw§cwv~c;pWvygz~wq®{z4»xHqtv°skvyx{
ΨR(x0)
Ë
ẋ =
∑
i
wi(T̄ .x) log(T̄
−1.Ti).x.
áPIâ
rdÞÑgx{uwsvyaskcgY²>zywg>s
x0
x{«4skcwgYkvy|{cHstÉÊvyH²>{kv~Hs\`x{zypI>ßÃwgskqt«¬x{fÃ>skvyx{
ΦR
uWpÃxIfÉ
wrsv°w|»Ë
ΦR(x0) = T̄ .ΨR(x0)

ÞÍv°skcÑgÓw{skzyp%skcwgaqfagspW`gx{«\skg3cwwv~}IgNq{qYv°skcwg	wxHx{«Ðx«\ÐkxI»xHqtv°skvyx{?NQx{g{Ñqkcwx>§
sc>s'spW»gYx«4«¬qkv°xI´v~q\v°|IcIskÉPvyW²>vy{IsÐ{´{zyqkx>ßÃwgÉPvyW²½{kv~Hs3/iÊs-vyq'fÒcÃzygNqq'v°HskvÏsv°²Ig{Wqtvyg
scwg.§'gNv°|IcHs'«¬w»8skvyx{»q
wi
{kg|{gNx{fagskv~{z°zyp	wg«¬x{fagN;uWp
T̄−1
u»g«¬x{gYu`gvyw|aqkgN$v°;skcwg«¬qkvyx{Ì
ÞÍv°skc%c½²IgskcwgvyHskggNqtskvyw|«¬x{zyz°x>§vyw|agz~>skvyx{»qtcwvy$u`gs§-ggN©³Ìi¥Ðbq»;i¥'b/qNË
.¡    ¿    :  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Ñ¶¸¹»º½Â¾8À¥ÂÕ©ÄÆÁÅÆ>¹QÂ¹»À¿ÇE"¼>¹QÕºN¶¿ÄÂ
º>Â¾Ç¼ 
d¾kÆNÆtÖ i¥W²Igkskvyw|Òscwgzyg«¸stÉÊvyH²>{kv~Hs»xIz°pH>ßÃwg«¬qkv°xI;gNqkwz°sqdvyskcwg.«¬xIz°zyx>§v°|Òs§-xÃqsgqNË
{dfÒwz°skvywzypWv°w|ÃuWp
T̄−1
rdv°Hsg|{>sv°|Òscwg.«¬x{zyz°x>§vyw|$jäY¦wwkvyw|ax{gwvÏsx{«/sv°fagIË
ẋ = −
∑
i
wi(x) log(T̄
−1.Ti).x =
∑
i
wi(x) log(Ti
−1.T̄ ).x
áPDâ
³gsq»qtgskcgcw|IgYx{«²>{kv~uwzyg
y = T̄ .x
vyªáED{â8@bdcwv~qpWv°gNzyqË
ẋ = T̄−1.ẏ =
∑
i
wi(T̄
−1.y) log(Ti
−1.T̄ ).T̄−1.y = T̄−1
(
∑
i
wi(T̄
−1.y). log(T̄ .T−1i )
)
.y,

 ¶¸·¥¶¸¹º>¼>¾8¶¿¼¹ÀÂ¼>¹wÇ¶¸¹©Û!¶¿Â-¾Æ>Ü3Å»Ç W
§cvycpWv°gNzywqskcwgqkv°fawzygg3}H>sv°xIÌË
ẏ =
∑
i
wi(T̄
−1.y) log(T̄ .T−1i ).y,
áE{Iâ
§cvycvyqskcwgjäY6{qqtxrvyskgN´skxascwg.®qsqtskg%x{«/scwgkvy|{cHskÉPvyW²½{kv~Hs'«¬qtvyx{%x{«/scwgv°W²Igqtg3q'x{«
scwg
Ti
§vÏscskcwgqfag.§'gNv°|IcHsqd{qdxIkvy|{vyzyzyp{
bdcWqN
x(t)
v~q-skcwg.qkx{zyrskvyx{;x«-áPD{â8rqtg3xI$qtskgN$x«/skcwg.vyW²{gqkv°xIÃx«/xIwd³Ìi¥ÐbævÏ«!$x{wzypÃvÏ«
T̄ .x(t)
v~q\qkx{zyrskvyx{ax«Qscwg®qsÐqtskgNÃx«Qskcgi¥ÐbÎ§v°skcÃvyH²Igkskg3	x{fa`x{wgNIsq!q'xIqtg3}Hwgg{
scwgs§'x%qsgqx{«\skcwgavyW²{gqkv°xI©x«ÐxIw³Ìi¥Ðb gÒgN}Hwvy²>zygHsskx;skcwgs§'x%qtskg»qscwgÃi¥Ðb §v°skc
vyW²{gNtsgN	x{fa`x{wgNHsqNÌskcgv°W²{gNqkgdx«Q³Ìi¥ÐbZvyqscwgg«¬xIkg-scwgi¥ÐbZ§vÏscÃv°W²IgkskgN	xIfa»xIwgHsq
{ÑºN¶¿ÄÂº½Â¾Ç¼>
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kskv~zyg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